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Preface 


This collection of problems has been compiled to suit the tex{- 
books entering into our series “Higher Mathematics”. Thése 
textbooks are referred to in the present collection as: 


[1] — Differential and Integral Calculus; 

[2] — Fundamentals of Linear Algebra and Analytical Geometry; 

[3] -- Differential Equations. Multiple Integrals. Series. Theory of 
Functions of a Complex Variable 


Indicated at the beginning of each section of the present book 
are the ses and section from the above mentioned textbooks 
where the relevant theoretical material can be found. 

As a rule, each section contains a minimum number of problems 
which corresponds to the number of teaching periods assigned to 
study a certain topic. The odd-numbered problems may be 
recommended to be solved in auditorium, while the even-num- 
bered problems must be solved by students at home independently. 

The problems found in textbooks [1]-[3] may also be used for 
practical studies. These are not contained in the present Collec- 
tion. 


Yakov S. Bugrov 
Sergei M. Nikolsky 


Chapter 1 
INTRODUCTION TO ANALYSIS 


Sec. 1.1. Real Numbers. Sets 


Using the method of mathematical induction, prove the fol- 
lowing relationships: 
1. 1424+3+ ... +n = n(n+))/2. 
2. 124+22+ ... +n? = n(n+1) (2n+1)/6. 
3. (i+x)? = Il+tnx, x>-1. 
1.30 mt 


2 4 2n a/2n+1 


To solve the below problems, it is necessary to study Chapter | 
from [1]. 

5. Let the set A consist of the youths of a given group, and the 
set B of the girls of the same group. Find AUB, A{MB, A\B. Also, 
consider the case when A or B is an empty set. 


6. Let A = {2n}, B = {2n+ 1}. Find A+B, AB, A\B (n natural). 
7. Which number is greater, a or b: a = 1.(1234512), b = 
= 1,(12345); a = 1.(12302), b = 1.(123); a = 1.(123412), b= 
= 1.(1234)? 
8. Find out to what number a the sequence of real numbers 
a, = 0.1010101010..., 
a, = 0.1100110011..., 
a3 = 0.111000111000..., 
a, = 0.111100001111..., 


a, = 0.11...100...01...10...0..., 


n times n times 


eeese@t#eo#eee#ee53#5+oneaweee eee eh emhmhUhcOhrmhUCUCcOOrmhUCUc OhUcrFhUCUcRhUCUCcCOrhUCUCcOrhUlUcOmhUhOhlUh Oh! 


is stabilized. 


9. Find the sum of real numbers a = 0.(12) and b = 0.(13). 


10. Given the sets A = [2, 5] and B = (3, 6). Find A+B, AB, 
A\B. 
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11. Solve the following inequalities: 
(a) |[x+3| < 0.1; (b) |x—3| = 10 
(c) |x|>|x+3];  — (d) [3x—1| < |x—-1]; 


(e) r= | Pe 

12. Which of the two numbers is greater: a or (—a).? 

13. Let a = 0. For what numbers b do the following relations 
take place 

(a) |a+b| = |a|+|5|; 

(b) |a—b| = |a|+|5]; 

(c) |a+ b| < |a|+]5|; 

(d) |a—b| = |a|+|b|? 

14. Find the modulus of the given number: (a) In (1/e); 
(b) sin (32/2), (c) cos (7/4). 


Sec. 1.2. Limit of a Sequence 
(See [1], Chapter 2) 


18. Prove that 
lim Lak ee l, 
n— co n 


and determine for every ¢ > 0 the number 9 = no (€) such that 


n+l 
n 


-1f<e if n>. 


Fill in the table: 


In problems 16 to 19 find the indicated limits. 


PES, Oe 1). 


6 = 
16. lim paras ie 17. lim wat 


ta 


7 2 — 1)\2 
19. lim (C+ 55+ es ). 
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20. Prove that the variable «,, is an infinitesimal if 


t, =——; ene Src idiet, 
+l ’ n nl ) n rae | ° 
21. Prove that the variable £, is an infinitely large quantity if 
Bo=(—-1)'n®s By=2V¥"; — B, = In(n+1). 


22. Will the sequence x, = n(—)"/2 be infinitely large? 
In Problems 23 and 24 prove the given equalities. 


23. lim (4/3n+10—+/3n) = 0. 


n—> oo 


24. lim 


“a —> oo 


3n? +-5 = 3 
2r2+3n+1 £2° 


Using the theorem onexistence of the limit ofa monotone sequence, 
prove that the following sequences are convergent (Problems 25 
and 26): 


25. xy = (I- 5) (I- 4) --- (Iz). 


o 3. 4 Ss n+ 
26. Xp = pp eT HTT 


27. Find the largest term of the following sequences: 


wv , . _ Vnt+i 
2” ? 7 104n° 


Xn = 


28. Find the smallest term of the following sequences: 


= (i+—)’ : xX, = n?—9n—10. 


29. Find inf Xn Sup x,(n € N), lim x,, lim x, if 


yt 24 ek 
Non oat l nN 9 Nn = pra 3 arr (n€ N). 


30. Which numbers are the partial limits of the sequence 


1 1 1 
ea, es ene as En ee 9 
1, x? 1, 1, 7? eS 7? | Pgs Cearererens 

A partial limit of an arbitrary bounded sequence is understood 
as the limit of its convergent subsequence. The existence of such 
subsequences in a bounded sequence is implied by the Bolzano- 
Weicrstrass theorem. 
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Applying Cauchy’s test for convergence, prove that the following 
sequences are convergent (Problems 31 to 33): 


sin 1? sin 2? sinn? sin k? 
31. Xn = 2 + a eee + Qn = » 
n n 
1 cos k! 
XxX = 7o.,.e 33. Xn — ee ae. ” 
—= Lip 2 ME+D 


Sec. 1.3. Functions. The Limit of a Function 
(See [1], Chapter 3) 


Find the domain E of definition of the function y = f(x) and the 
image E, = f(E) of theset E with the aid of the function f (Prob-: 
lems 34 and 35). 


34. y = — 35. y = 1/243x_x2. 
36. Find f(0), f(x+2), f/x), f(~)4+1, 1/f(x) if 
1—x? 
f(x) ae 


In Problems 37 to 41 find the graph of the given function. 
1—x? 


37. y = 8x—2x’. 38. y= fant * 


39. y =—x®+2x-1. 40. y = T*. a1. y= te 


42. Determine the lower and the upper bound to the set of values 
of the function f(x) if 


f()=x on [-2,5]; pxX)=xt++ on (0,3). 
Hint. On the set (0, 3] p(x) = 2 
43. Construct the graphs of the functions 
f(x) = sup {sint}; (x)= inf {sin 4. 
Oxt=x O=xt=x 


In Problems 44 to 48 find the limits of the indicated functions. 


<1: . ae 
44. (a) iim 5) tx 1 5 (b) im x a4 3 
x?-] ~ (1+x)®-(14+3x) . 
(c) bal: ao 2X?—X | , (d) suis x? + 3x3 ’ 
V1 4+2x— 3 x?4+3x—-1\7 , 
oe eo (f) lim (52554) 3 
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eer eee pee 
(g) lim Vato ayett (hy dia ee 
x—> 


ae 
(j) lim [sin+/x+1-sin v/2]. 


x —> +00 


45. (a) lim as (b) lim pes (c) as tan 4x. 


x—-0 


46. lim a ; 


_ x7>0+0 * 


A, . 
AP (a) lim (14-5) 3 (b) lim (1433); 
x—>0 


(c) lim (sin x)'2"*; 


x—>n/2 


48. (a) lim "22. () Jim © 
x-—>0 ed x—>b 


—-@ 
ee (a = 0). 

In Problems 49 to 56 investigate, the given functions for conti- 
nuity, represent the functions graphically, and determine the cha- 
racter of the points of discontinuity. 


=. & #] 
49. f(x) = |x-1|. 50. f(x) = 4 x71" 
A, , a | 
Bs es 
51. f(x) = sgn (x?—2x-— 3). 52. y= (axe: 


53. y= nae 54. y = sgn(cos x). 


2x, Ox=x<l, 
55. y= 56. — 
= Fa eo! Dee. I) = | 


In Problems 57 and 58 prove that the functions F(x) are uni- 
formly continuous on [a, b], i.e. Ye > 0 there is 6(e) > 0 (indepen- 
dent of the points of the interval) such that 


If (x1)—f(%2)| < €, 


a+x, x>0. 


whenever 
|x1—x2| < 4, 
x?, O=x <2, 
§7. = 
POD 20-8x, 2<x<3. 


58. f(x) = x*, Osx <2, 
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59. Find the inverse of the function 


b 
= ae (ad—bc # 0). 


Let x ~ 0. Separate the leading term of the form Ax” (Problems 
60 and 61). 


60. f(x) = 3xtx4. 61. f(x) = 14+ x—-V/1-x. 
Sec. 1.4. Derivatives 
(See [1], Chapter 4) 
62. Find f/’(0), f’(2), if f(x) = 2—2x4+'. 
63. Find f’(0), f’(1), if f(x) = x arc sin aT 
In Problems 64 to 71 find the derivatives of the given functions. 


2 
64. y= —: 
65. (a) y = xt+-A/x; (by pe ty 4 tl: 
x Vx Wx 
(c) y= ae 5 (dj yaxV 14%; 
(e—) y= ———;; (f) y= V xt a/x4-0/x3 
VJ/ a? — x? ; 
(g) y = Vi8- 5 (h) y = tan =—cot =; 
+ SINX—X COSX , a thes ye _ tan =, 
OPS ee OY =e (h) y= 2 ; 
(l) y = e+e"; (m) y= x*+a" (a> 0); 


_ x2 aan 
(n) y = arc sin ite ; (0) y= arcecos 1/1—x?. 


66. y = lan x-+ . tan® x. 67. y =e’. 

68. (a) y = sin x; (b) y= sin? x; (c) y= sin’ x’; 
(d) y= cos(sinx); (e) y=cosx?; (f) y = cos? x4. 

69. (a) y = arcsin (x/a);_ (b) y = arc tan (x/a); 
(c) y= In(x+Va@+x2); (d) y = arcsin (sin x); 
(e) y = arc cos (x/a), (ft) ye", 

70. y = In tan (x/2). 
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71. (a) y = x arc tan x; (b) y = In? x’; 
1 21 
()y=In(in(nx); @y= Zine; 
(e) y= Vxt1—In(1+ x41); (f) y = Intan ($+); 


(g) y= = (in? x+3 In? x+6 In x+6); 


(h) y= 5 (1-V1F x) 43 In (140/142); 


(i) y = /x—arctans/x; (j) y = arc tan = 
1 xi—x? +1 1 4/3 

k) y=—In “- — ——_ are tan a 

Oy 12 (x?+1)? 273 2x?2—1 


6 
(1) y= owt arc tan xs; (m) y = arc tan (tan? x); 


(n) y = xarc tan x—0.5 In(1+x*)—0.5 (arc tan x)*; 


(0) y = arc tan (x+4/1+ 22). 
(p) There takes place the formula 


Q13(x) eee a17(x) 
a1(Xx) ee Q1,,(X) ao ak—1, 1(x) ~-- Q-1, n(X) 
a tae ae y Aj (X) fk Qy.,(X) , 
Ani(X) »-- Ann(X)| — *=1| aya 1(X) ~~. Ages, n(x) 
Ani(X) Ann(X) 


where the elements of the determinant a;;(x) are differentiable 
functions. Hence, the derivative of a determinant of order n is 
equal to the sum of,” determinants of order n each of which dif- 
fers from the original determinant by that the appropriate row in it 
is replaced by the row made up from the derivatives of the ele- 
ments of the replaced row. 

Prove the differentiation formula for determinants of the second 
and third order. 

In Problems 72 and 73 find the derivatives and construct the 
graphs of the given functions and their derivatives. 


l—x, —2<x<l, 
72. y= (1— x) (2— x), l<x<2, 
= (2— x), 2<x< 4, 
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3. y= x, x= 0; 
a In(i+x) x=0. 


Find the logarithmic derivatives (i.e. y’/y) of the indicated func- 
tions y (Problems 74 and 75). —_, 


l—x 
14. y= xa/ er 


75. y = cosh? x. 


In Problems 76 to 79 find the derivatives of the indicated hyper- 
bolic functions. 


76. (a) y = sinh (x?+ 1); (b) y = sinh? x®, 

77. y = cosh? (x4°+ x+ 1). 

78. (a) y = tanh? x; (b) y = tanh x”. 

79. (a) y = tanh (In x+ 1); (b) y = Arsinh x; 
(c) y = Arsinh(x++/1+22);  (d) y = Insinh x; 
(e) y = coshIn x; (f) y = etanhx; 


_ ' cosh x ° = ae ° 
(g) y = (sinh x) (x>0); (y= cosh? x ” 
(1) y = tanh 5 —coth _ 


80. For the function f(x) = x°+x+1 determine the differential 
and the increment at the point x = 1 for Ax = 0.1. 
In Problems 81 to 84 find the differentials of the given functions. 


81. d(xe*). 
82. d(sinh x). 
83. d(sinh x— x cosh x). 
84. d(In (1—’)). 
85. Find the second-order derivative of the following functions: 
(a) y = e-* = exp(—-); (bl) y= xV14x. 
86. Let there be given the Wronskian 
yi(x) —«-- Ya) 
|W) es YX) 
vTP(X) o- In PX) 


where the functions yi(x), ..., yn(x) are continuous on (a, b) 
together with their derivatives up to order n inclusive, 
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Prove that 


87. y = x°, find d4y. 

88. y = e* In x, find dy. 

In Problems 89 to 92 find the derivatives y, and yz of the 
functions represented parametrically if: 


89.x= 21-2, y= 3t-f. 90.x=2cost, y=2sint. 


HA.x=f"(t), y= (—-f(O. 


92. x = t-sint, y = 1—cost. 


93. (a) Write the equations of the tangent and the normal to the 
curve y = 2+x—x* at the point A = (2, —4). 

(b) Find out whether or not the graphs of the functions 
y = sinhx and y= In(1+2x) have a common tangent at the 
point (0, 0). 

The angle between two curves y = fi(x) and y = f2(x) at the 
point of their intersection with the abscissa x = Xp is defined as the 
angle m between the tangents to the curves at that point. Therefore 
= tang,—tang, _ fe (Xo) —fi Xo) 

tan p = tan (P2~ 91) TF tang, tangs 1th oho)” 
where 91, 92 are the angles formed by the indicated tangents with 
the x-axis (see Fig. 1). 
94. At what angle do the curves y= sinx and y= cosx 


(0 < x <2) intersect? 
l+ea 


95. At what angle do the curves y = x*and y = x1-« (0<a <1) 
intersect at the point (1, 1)? 

96. At what angle does the curve y 
y = In (1+(x/+/3)) intersect the 
x-axis? 

97. (a) Check the validity of 
Rolle’s theorem for the function 
y = (x—1)(x—2) on [1, 2]. 

(b) The polynomial P,(x) = x*— 
—x3+ x*—x has the root x= 1. Xo 


Prove that the polynomial a P,(x) Fig. 1. 


y=f, (x) 


has a real root belonging to the open interval (0, 1). 
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a | a A 


(c) Prove that all the roots of the polynomial P,(x) = 
= = (1—.x?)" are real and belong to the interval (— 1, 1). 

98. Check the validity of Lagrange’s theorem /(b)—/f(a) = 
= f’(c)(b—a) for the function 


(a) y = 14+x4+%'; 
(b) f(x) = x8+ Ax?+ Bx+C, where A, B, C are real numbers; 
(c) f(x) = Ax?+ Bx+C; on [0, 1]. Find the point c. 


99. Prove that if a function f(x) has a bounded derivative on 
(a, b)(|f’(x)| = M), then 


(a) f(x) is uniformly continuous on (a, b). 
(b) If a and Bb are finite numbers, then f(x) is bounded on (a, b). 


Hint, Let x be an arbitrary point, and let xo be a fixed point 
within (a, b). Then 


IF) = [F@)—F Oo) +f) | 
= |f(x)—f (0) |+|F%o)| = [f'()| |x— x0|+ | F%o)|, 
where c is found between the points x and Xp. 


(c) If the interval (a, b) is infinite, then the function f(x) may be 
unbounded. Consider the function f(x) = In x on (1, ©). 


100. Determine the intervals of monotonicity for the functions 

(a)y = 34+x—-x?; (b) y = 4x—". 

If a function g(x) is continuous on [a, b] and has a positive 
(negative) derivative on (a, b), then it is increasing (decreasing) on 
[a, b]. 

This fact can be utilized when proving inequalities. 

For instance, the function 9(x) = e*~—1— x is continuous on 
[0, oo). It is increasing on [0, ), since y’(x) = ex—1>0 on 
(0, oo). Further, (0) = 0, therefore 


e*—1—x>0, YVxE€(0, ~). 


On (— -, 0) the function g(x) is decreasing, therefore e*~—1—x > 
> ¢(0) = 0. Hence, Vx + 0 


ex~> 14x. 


In Problems 101 and 102 prove the indicated inequalities. 


101. x= <snx<x (x>0). 


-2 
102. cos x > 1-5. (x > Q). 


Ch. 1. Introduction to Analysis 21 


In Problems 103 to 109 compute the indicated limits using 
L’Hospital’s rule. 


PE i 2x 

103. lim S22." “qos. 

rae o Sin bx : “4 ue 

: 2x—2 . tan 2x.—sin 2: 

105. lim arin 2x—2aresin ¥ 106. lim ae 

x-»>+0 v x20 x 

a, Oe 

107. Jim * )* 108.) lim. 

Pee leas x-> 10 

1/x? ; tan x \1/x* 
109. (a) a a ; (b) lim (“~) -_ 
x x0 XxX 
m sh ax . . tanh 3x 
CO eye Oe rer 
: _ : h 
(e) lim oe! ea : (f) lim a i 
ee. x* x20 ¥7Sinh + 
_ t 
(g) lim anes : (h) lim (coth v- 3 
x —>7/2 tan v x—>0 Vv 


ims GY din (In —)"; (k) lim (tanh x)* 
x—>l1 x—> +0 x 


xXx —> +00 


(1) lim ( COs x ae ay ith = (a= 0): 


x +o \coshx 


(n) lim Vitxo1 =e" (n—an integer); cA ae Aa 
x—O0 ‘ OF tine 
MWoate of 
i / 
(o) lim vie vie Brees (m, n—integers); 
x—+>0 
(p) lim YA 5 
(q) lim (Vv xta/ x+ a/x—+/ x). Hint. Multiply and 


divide by the conjugate expression; 


; UX . - tanx—sinx 
(r) a (1— x) tan > " (s) Leer ree é 


110. Is 1t possible to apply L’Hospital’s rule in 


1j x- sin x 
x+sinx~ 


x —> oo 


“ In Problems 111 to 114 write the expansion of the given functions 
In powers of x. 
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111. f(x) = tan x up to the term »°. 
112. f(x) = e*-* up to the term x’. 
113. y = Incos x up to the term x’. 


114. y = sin(sin x) up to the term x’. 
In Problems 115 to 118 find the indicated limits using the expan- 
sion by Taylor’s formula. 


115, lim SSX APCI 116. lim (— 3). 
x—0 x x—0O x Sin x 

inc. 118. lim 1=20sh x 
x—>0 - x—0 a 


119. Applying Taylor’s formula compute the following num- 
bers: 


(a) e with an accuracy to 1078; 
(b) sin 1° with an accuracy to 107°; 


(c) 1/5 with an accuracy to 1073; 
(d) In 2 and In 3 with an accuracy to 1075 (see [1], Sec. 9.14, 


(8)). 
120. Investigate the following functions for a local extremum: 
(a) y= 2—x—-%*; (b) y = |x]; 


(c) oo 2x*— x4; (d) y= see te : 


x 

(e) y=ersinx (OSx<2zn); (f) y= 1/144); 

(g) y = x/(1+ 42); (h) y = x®9—6x°+ 9x—4; 

(i) y = cos x+ 0.5 cos 2x; 

(j) y = sin x+0.5 sin 2x. 

121. Find the greatest and the least values of the given function: 
(a) y = 2* on [0,5]; (b) y= x+— on Ee 10]. 

122. Find the distance from the curve y = x? to the straight line 
y-x+2 = 0. 

123. Find sup and inf of the following functions: 

l, Oxx<l, 2 
(a)y = foe Gece. OU = on (0, ~) 


124. Find the intervals of concavity and points of inflection for 
the following functions: (a) y = 3x?— x; (b) y = exp (— x”). 
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125. Find the asymptotes to the graphs of: the following func- 
tions: 


(a):y= x3 (by y = els: 


(¢))y = exp(— x2): (d) y = In(it+e). 

126. Graph the:below functions on having carried: out a complete’ 
investigation of their: behaviour: (extrema, points: of: inflection, : 
zeros of function, direction of concavity, asymptotes):- 


x—-3 


= SS b oem 
(a) y vce (b) y ce 


127. Graph the functions represented parametrically (see Sec. 
4.22 [1]). 


247? 3 
= — 7 — — pr: = —--— = -—-—--. 
(a)x=2t-f, y=3t-f#; (b) x et PS ae 


128. (a) In an ellipse tae 1 inscribe a rectangle with 
sides parallel to the coordinate axes having the greatest area (see 
Fig. 2). : 

(b) Given a perfectly square sheet of tin with side a. Small 
squares of equal size with side x are cut away from its corners to 


make a rectangular box by bending the sheet along the dashed 
lines (Fig. 3). For what x will the volume of the box be the greatest? 


Fig. 2. Fig. 3. 


(c) The ship K (see Fig. 4) is situated at a distance of 9 km from 
the nearest point B of the rectilinear seashore. A messenger has to 
be sent from the ship to the camp L found on the shore at a distance 
of 15 km from the point B (as measured along the shore). At what 
point P must the messenger pull in to the shore to get to the camp 
in the shortest time if he goes on foot at a speed of 5 km/hr and by 
boat at 4 km/hr? 
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Fig. 4. Fig. 5. 


(d) From a round log of diameter d a girder of a rectangular 
cross-section with base a and altitude h has to be made up (Fig. 5). 
For what a and h will the girder be the strongest if it is known that 
the strength of a girder is proportional to ah?? 


129. In the parabola given by the equation y = 3— x? inscribe a 
rectangle having the greatest area so that one of its sides lie on the 
x-axis and two of its vertices on the parabola (Fig. 6). 


J 
3 


O| x ¥3 

Fig. 6. Fig. 7. 
130. Two ships A and B sail at constant speeds u and v along 
straight lines forming an angle 6. Determine the shortest distance 
between the ships if at a certain instant of time their distances from 


the point of intersection of their paths were equal to a and b, 
respectively (Fig. 7). 


131. Determine the radius of curvature of the given curves: 
2 2 

(a) Y= 2px; (b’) G+ = 1; 

(c) y= 5 (l—cos j; x= 5 (t—sin t) (cycloid). 


132. Write the equation of the evolute of the cycloid 
x= a(t—sint), y= a(l—cos 2). 


Chapter 2 
INTEGRALS 


Sec. 2.1. Indefinite Integral 
(See [1], Chapter 5) 


Using the table integrals, compute the following integrals (Prob- 
lems 133 to 143): 


x? dx 


133. | x(5—x)idx. 134. | (1—x2)2 dx. 135. i ae 


136. { (1+sin x+cos x) dx. 137. i td 


138. { tan? x dy. 139. | tanh? x dx. 140. Ad coth? x dx. 


141, | Vitetvin gan. | (2x — 3) dx. 
/1—x! 


143. (a) [ ae (b) { (x) (1—2x) (1-3x) dx 
© | ( (2+5+4) dx; (d) koe dx; 
© [> =) dx; (f) Ee ie 
(ht) fod; @ PS as (Wf e+39%as; 


(k) | (a sinhx+bcoshx)dx; (I | (2x—9)° dx; 


i (= Ok Beart 
(0) | yee (p) | (e+e) de. 


Transforming the integrand in a proper way or using suitable 
substitutions, compute the following integrals (Problems 144 to 


152): 


xdx er dx 
144. | Aan 145. (146. | 


cos? x sin? x 
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a en renee eee 


; ax 
147, | "148. It Ie 149. {hiss ax 
Paessevear | ae 


(14-2) ae 
150. { x/2-Sxdx. 151. [ 2S. 
152. (a) { a= - — (b) { wA/TE dy: 
xdx x* dx ; 
Of Of2S: () | ess 
(f) | 3 (g) | ee dx; (h) | cot x dx; 
; dx . arc tanx 
(i) {oa x (J) | <oes : (k) ye ue 


e 
+) 


(1) | sinh? x dx; (m) | cosh? xdx; (n) ie 
d. 7 3 
(0) | om | (p) [PVI+e as; 
Applying the method of integration by parts, compute the fol- 
lowing integrals (Problems 153 to 160): 


sinh? x os 


153. | are tanxdx. 154. = dx. 155. | xsinh x dx. 
156. x sin x dx. 157. | arc sin x dx. 
158. | x cos x dx. 159. | are tan 1/x dx. 


160. (a) | x? sin 2x dx;  (b) x are tan x dx; 
(c) x*e—2x dx; (d) | x8e-** dx; (e) { In x dx; 
(f) [x Inxdx (n#-1); (g) [* cosh 3x dx; 


(h) x? sinh x dx; (1) | sin x In (tan x) dx. 


Applying the method of undetermined coefficients, find the 
integrals of the indicated rational functions (Problems 161 to 164): 


2x +3 ; 2x +1 
161. (a) | (x- oo dx; (b) ee 2)? (x +5) ax. 


2x—2 
12) fata Ol eta: Olean 
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a ee a a nr a ree ie 


183.) foaeps  () fap 

164.) [ pao? © f aapacnars? 
©) fea (d ) fai (©) f 2 
() fay CG iia 


In Problems 165 and 166 integrate the given linear-fractional 
surds : 


165. Peers 
| dx 

ree: Ol Ferey, Ui Vi ; 0) | ae} 
: Vxtl-Vx-1 , 
Olam © yaa en 


dx : 
OF Rrerrev ret 


ai (m—a natural number). 


{ Qe 
( ) | A/ (x — ar *}.(x—b)"-} 


In Problems 167 and 168 compute the integrals of the indicated 
quadratic surds. 


167. - 168. 2_9x+2 dx. 
Roeser [v= ae 


In Problems 169 to 172 integrate the indicated trigonometric 
functions: 


169. (a) | sin* x dx (b) fam sin 2x * 


170. (a) | cos? x dx; (b) [|= 


Cos 2x ° 
dx 
171. { iaaieari (+ = tan 5). 
172. (a) | at SEE cos? x (¢ = tan x); 


: dx, dx 
(b) [oom > (C) =, > (d) 1+sinx ’ 


(e) { [tanh (2x+1)+coth (2x—1)] dx. 
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ew ee ee ee, 


Sec. 2.2. Definite Integral 
(See [1], Chapter 6) 


173. Prove that the Dirichlet function 
_ { 9, x—1irrational, 
~_ | 1, .—rational, 
is not integrable on any closed interval [a, 5]. 


174. Without evaluating the below integrals, find out which of 
them is greater: 


m/2 n/2 n/2 
; 2X 
(a) | sin x dx, i x dx, — dx; 
o 0 0 


1 


(b) f ex dx, | (1+ x) dx. 


“ In Problems 175 to 179 evaluate the indicated definite integrals 
with the aid of the Newton-Leibniz formula: 


4/3 nia 


175. (a) { aor (b) [sin 2x dy; 
1/3 0 
n/2 n/4 1/2 A 
dx; (d) | tan x dx; a $ 
(©) | cos x dx; (4) | anxdx; (e) Prat 
0 0 —1/2 
sinh 2 2 2 
(f) | ar (g) [i-21 dx; (h) [xin x dx. 
sinh 1 0 1 
n/2 5 
x 
176. | a’ sin? x + b? cos? x (4, b > 0). 
0 ‘ 


In 2 


177. i xsinxdx. 178. | xe—* dx. 
0 0 


1 


179. i xf’’(x) dx. 
0 


180. Prove that for integral k and /: 
27 : 
0, if kl, 
inkx sin lx dx = 
(a) [ sin kx sin Ix dx nif k=l: 


0 
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2a 


0, if KAI], 
(b) | cos kx cos [x dx = 
0 


%, Wk 
2n 


(c) | cos kx sinlxdx =0, Vk, 1. 
0 


Hint. Transform the integrand to obtain a sum of trigonometric. 
functions. 


181. Find the derivative of the given integral: 
b 


b 
(a) # [sin @ dt; (b) <, | Vitedt; (c) <. { sin x2 dx. 


a 


x 


a 


182. Check to see whether the mean-value theorem 


b 
| FQ) dx = fO@b-4) 


is fulfilled for the function f(x) = x? on [0, 1]. 
183. Evaluate the definite integral of the function 
f(s) = | 


1, 0O=x <I, 
4—2x, 1<x <2. 


Sec. 2.3. Applications of Definite Integral 
(See [1], Chapter 7) 


In Problems 184 to 187 compute the area of the figure bounded 
by the indicated curves. 
184.y=x*, y=2-x. 


185. y = n(1—5), y=0 (h=0,b>0) (Fig. 8). 
2 2 
186. +p = 1. 
187. r = a(1+cosq@), r, » are polar coordinates (see Fig 9). 
188. Compute the arc length of the curve 


xe 
= 7-7 inx (1 =x <e). 


189. Find the arc length of the astroid (Fig. 10) 
VIB y3 = Qs, 
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a 


J 


, 


Fig. 8. Fig. 9. 


190. Find the arc length of one arch of the cycloid (Fig. 11) 
x ='a(t—sint), y=a(l—cost) (0=t<2n). 
191. Derive the formula for the arc length of a curve given in 
polar coordinates by the equation e = (6). 


192. Find the arc length of the curve given by the equation 
Pp 
4 


193. Find the arc length of the cardioid r = a(1+cosq) (see 
Fig. 9). 


194. Find the volume of the 
(a) cone with the generatrix y = — x (0<x<h) (Fig. 13); 


r = acos? —. in polar coordinates (Fig. 12). 


(b) conical barrel with the radii of its bases r; and rz and altitude 
h (Fig. 14); 


(c) solid generated by revolving one arch of the sinusoid 
y=snx (0<x <7); 


Fig. 10, 


Fig. 12. Fig. 13. 


(d) solid generated by rotating the parabola y? = 2px about the 
x-axis (0 <= x <a) (Fig. 15). 
195. Compute the surface area formed by revolving the curve 


(a) x = a(t—sin2#), y = a(l—cost) (0<t<2z) about the axis 
of symmetry of the curve; 


(b) 9y2? = x(3—x)* (0 < x < 3) about the x-axis; 

(c)y = x8 (0 <= x <1) about the x-axis; 

(d) x = acos® t, y = asin’ ¢t (astroid) about the x-axis. 

196. Evaluate the given integrals by the rectangle formula, 
(rapezoid rule, Simpson’s rule and estimate the error: 


1 1 
a) f w=); ©) [ates (n = 12). 


197. Construct Lagrange’s interpolation polynomial of the 
third degree for the function f(x) if f(0) = 0, f(1) = 1, f(2) = 2, 
/(3) = 0. 
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Sec. 2.4. Improper Integrals 
(See [1], Chapter 6) 


198. Evaluate the eee integrals : 


@ { i © {a == (>); 


1 1/2 
© [5 


dx 
1—x?’ ( o/s ac: 


199. Investigate the given integrals for convergence applying 
the comparison test: 


we 


(a) [ exp(—x) dx; (b) | SS, 


oo 


(c) f = dx: 
1 


200. Compute the below integrals using the method of integra- 
tion by parts: 


(a) | xe-* dx; (b) | e-**cos bx dx (a> 0); 
0 0 


(c) | e* sin x dx. 
0 
201. Investigate the given integrals for convergence: 


cos ax d d 
@ f Te «(p= 0); wf Bee (p,q = 0); 


xP + xt 


(c) j x™ dx > 0). 


1+x* 


Chapter 3 


FUNDAMENTALS OF LINEAR ALGEBRA 
AND ANALYTICAL GEOMETRY 


Sec. 3.1. Determinants and Matrices 
(see [2], Secs. 1-3) 


In Problems 202 to 210 evaluate the given determinants: 


5 3 1 2 8 5 
202. . 203. . 204, : 
4 3 4 13 2 
cosa —sin « cosa sina 
205. | . f 
sina cosa sin B cos 
x 2x +1 
b a—b l+x 1 
207. (75? 977) agg, [Te TTF 
a—b a+b ah x 
1+x I+x 
i211 0x 0 
209.'1 2 Ii. 210. |x 1 xl. 
1 1 2 Ox O 


211. Find out whether the given permutation is even or odd: 
(a) 1,2, 4,3,5; (b) 5, 1, 2, 3, 4; 
(c) 1,3,2,5,4; (d) 1, 4, 3, 2, S. 
212. Find the cofactors of all the elements in the determinant 


ax x 
Ae IDS xX 
Ie x se 
and check to see that : 
A= y Az, AK. : 
k=1 


213. Evaluate the below determinants by accumulating zeros in 
a row or a column. 


1141 1234 
213 0 2234 
Mls 4 2 AP (13 3 3 4! 
4110 4444 
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214. Evaluate the following Vandermonde determinants: 


L 20 2 2 , of 
(a) eS (b) | ‘ 52 
Ls *5 ot r Se 
1 6 & 6 oe 
215. Multiply the determinants 
1 2 3 2 1 1 
Ay=|3 3 Q2)=5 and Ag=iP 3. 1) = 7 
2 3) 2 r 1 2! 


using all the four possible ways (1. e. by multiplying the rows or 
columns of 4; by the rows or columns of A»). Check to be sure 
that in all the cases the product of the determinants 4 = 4,4. is 
equal to 35. 


216. Let there be given two matrices 


3 4 8 | 
4=(5 }) B=(; 3) 
Find the matrix C = AA+ uB if (a) A= 1, w = 2; (b) A=—S, 


ee: 
217. For the matrix 


find its transpose, or the conjugate matrix, A* and determine the 
rank of A. 


Sec. 3.2. Systems of Linear Equations 
(See [2], Sec. 4) 


In Problems 218 to 222 solve the given systems of equations 
using Cramer’s rule. 


2 3 cae l, 3 = 4, 
ais, ) T?* 219, | 2*2t % 

3X14 5x2 = 4. 2x1+4Xxo = 1. 

xty = 1, 2x— y+3z = Y, 

x-y=2. 


4x—Ty+ z= 5. 


; Ch. 3. Fundamentals of Linear Algebra and Analytical Geometry 35 


x— y+3z= 9, 
222. | 3x—Sy+ z=—4, 
4x—Ty+ z=5. 


223. By transforming the augmented matrix B find out whether 
the system 
2x+7y+3z+ t= 5, 
x+ 3y+5z-—2t= 3, 
x+ Sy—9z4+8t= 1, 
5x+ 18y+4z+4+ St = 12 
is solvable. 
224. Find the ranks of the matrices 


21 4 5 
A={1 01 2], B= 


12 4 0 


Owe 
— et [LKQ me 
— G) — me 
— Kh) — 


0 


by transforming the rows and columns of the given matrices (by 
accumulating zeros). 


Sec. 3.3. Vectors 
(See [2], Sec. 5) 


225. (a) Find the projection of the vector a = (1, 4) on the di- 


rection determined by the vector b = (1/4/2, 1/+/2). 

(b) Compute the projections x, y, z of the vector a on the coordinate 
axes if |a| = 2,a = 2/4, B = 2/3, y= 27/3, where «, f, y are the 
angles formed by the vector a with the x-, y-, and z-axes, respec- 
lively. 

(c) Find the projections of the vector a from (b) on the directed 
straight line L with the unit vector b = (1/2, 1/2, 1/+/2). 

226. Let there be given two vectors: a = (1, 2, 2), b = (2, 1, — 1). 
Kind the moduli of these vectors, the distance between the points 
a and b (provided that the vectors a and b are laid off from the 
origin) and the scalar product ab. 

227. Find the cosine of the angle between the following pairs of 
vectors: 


(a) a = (2, —4, 4), = (—3, 2, 6); 
(b) a= (4/2, 1,—-1), b= (1,0, 0); 
(c)a=(1,3, +6), b= (I, 1, 0). 
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228. Can the vector a = (x, y, z) make the angles « = 2/6, 
B = 2/4 with the coordinate axes? 

229. Find the coordinates of vector a if jal = 3, «= B=y. 

230. Given two vectors a and b such that |a| = 13, |b| = 19, 
|a+b| = 24. Find |a—b|. 

231. Given two vectors a and b such that |a| = 11, |bj = 23, 
|a—b| = 30. Find |a+b|. 

232. Find the angle between the vectors a = (1, 1, 1, 1) and 
b = (0, 1,0, 1). © 

233. Let the vectors a and b + O be orthogonal. For what 
value of the parameter / is the vector a+ Ab orthogonal to the 
vector a+b? 


Sec. 3.4. Dividing a Line Segment in a Given Ratio 
(See [2], Sec. 7) 


234. On the line segment in the three-dimensional space Rs, 
connecting the points O = (0, 0, 0) and A = (J, 2, 2), find the 
point M = (x, y, z) dividing this segment in a ratio 2: 3. 

235. Find the coordinates of the centre of gravity M = (x, y) 
of the system of two material points A = (3, —5), B = (—1, J) 
at which the masses g = p = 1 are concentrated. 

236. If in Problem 235 gq = 3, p = 5, find the coordinates of the 
centre of gravity. 

237. A line segment with the end points A = (J, —5), B = (4, 3) 
is divided into three equal parts. Determine the coordinates of the 
division points. 


Sec. 3.5. The Straight Line 
(See [2], Sec. 8) 


238. Find out which of the points M; = (3, 1), Me = (2, 3), 
M3 = (—2, 1) lie on the straight line 2x+ 3y— 13 = 0. 

239. Write the equation of the straight line 2x+3y—13 = 0 
in the slope form and also as the equation of a straight line passing 
through some point 1n a given direction. 

240. Given a straight line x+2y+1 = 0. Write the equation of 
the straight line passing through the point Mp = (2, 1): (a) parallel 
to the given line; (b) perpendicular to the given line. 

241. Given: the equations of two sides of a rectangle 


2x—3y+5=0, 3x+2y—-7=0 


and one of its vertices O = (0, 0). Write the equations of two other 
sides of this rectangle. 
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242. Reduce the equations of straight lines: (a) 2x+5y+4= 0; 
(b) x+ y—1 = 0; (c) 2x—y+3 = Oto the normal form. 

243. Find the distance from the point A = (1, 2) to the straight 
line: (a) 2x+4y—5 = 0; (b) 2x+8y4+1 = 0; (c) x+y = 0. , 


Sec. 3.6. The Plane 
(See [2], Sec. 9) 

244. Write the equation of the plane passing through the point 
Mp = (1, 2, —3) perpendicular to the vector v = (1, —2, 3). 

245. Write the equation of the plane passing through the three 
points: (1, 1, 1), d, —1, 0), (2, 1, 3). 

246. Write the equation of the plane passing through the point 
(1, 1, 1): (a) perpendicular and (b) parallel to the plane 

2x+4y+z—5= 0. 

247. Which pairs of the below equations define parallel planes 

(a) 4x+ 2y—4z+5 = 0, 2x+ y—2z—1= 0; 

(b) x—3z+2 = 0, 2x—6z—7 = 0; 

(c) 2x—3y+5z—-7=0, 4x—6y+10z—14 = 0; 

(d) 2x—3y+5z—-7=0, 4x—3y+10z—14 = 0. 

248. Reduce the equation of the given plane: (a) 2x—3y+6z— 
— 7 = 0; (b) 4x— y+ 8z— 14 = Oto the normal form. 

249. Find the distance from the point A = (1, 2, 1) to the indi- 
cated plane: (a) 2x—3y+6z—7 = 0; (b) 2x+ y—2z—1 = 0. 

250. Find the angle between the planes from the preceding prob- 
lem. 

251. Write the equation of the spherical surface with centre at the 
origin touching the plane 2x+ 3y+ 4z— 12 = 0. 

252. Write the equation of the plane 2x+ y—5z—6 = 0 in the 
intercept form. 

253. Write the equation of the plane which passes through the 
point (2, —1, 1) perpendicular to the planes 2x—y+3z—1 = 0 
and x+2y+z = 0. 

254. Determine the angles «, B, y formed by the normal to the 
plane: (a) x+y 1/2+z—1= 0; (b) x1/3+y+1= 0 with the 
coordinate axes. 

255. Compute the distance between the parallel planes: 


(a) x—2y—2z—1=0, (b) 2x—3y+6z—1 = 0, 
x—2y—2z—6 = 0, 4x—6y+12z+1 = 0. 


= Pee ca ehclsasCZLe ied 


Sec. 3.7. A Straight Line in Space 
(See [2], Sec. 10) 


256. Find the points at which the straight line 
2x+y—z—3 = 0, 
x+y+z—-1=0 
pierces the coordinate planes. 


257. Find the relations which must be satisfied by the coefficients 
of the straight line 


A;x+ Biy+Ciz+ Di = 0, 
Aox+ Boy+Co2z+ Deo = 0, 
in order that the latter: (a) intersect the axis of abscissas, (b) coin- 
cide with it. 
258. Write the canonical equations of the straight line passing 
through the point (1, 0, — 1) parallel to the vector a = (2, —3, 5). 
259. Write the parametric equations of the straight line passing 
through the point (1, —1, —3) parallel to the vector a = (2, 1, 5). 
260. Write the canonical equations of the straight line: 
x—2y+3z—4 = 0, 5Sx+ yt z =0, 
(a) _ (bd) 
3x+2y—5z—4 = 0; 2x+ 3y—2z4+5 = 0. 
261. Find the angle g between the straight lines 


aI Se AO eee 
1 =| 472" 4 1 /2° 
262. Given two straight lines 
X42... “yp 2 21 x- y-l1 z—7 
2° a. 8 ae oe See) 
For'what value of / do they intersect? 
263. Write the equation of the straight line passing through the 
point (1, — 1, 0) perpendicular to the plane 2x—4y+z = 3. 


Sec. 3.8. Orientation of a System of Vectors. 
The Vector Product of Two Vectors. 
Triple Scalar Product 
(See [2], Secs. 10-13) 
264. Given two vectors: 
(a)a=(1,2), b= (3,5); (b)a=(,2), b= (3, 7). 
Find out their orientation with respect to the xy-system. 
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265. Let the vectors a and b form an angle m = 2/6 and let 
|a| = 7, |b| = 6. Find |axbj. 

266. Find out whether the vectors a = (1, 0, 3) and b = (2, 0, 6) 
are collinear. 

267. What condition must be satisfied by the vectors a and b 
in order that the vectors a+b and a—b be collinear? 

268. Prove that ifa+b+c = 0, thenaxb = bxXc = cXa. 

269. Compute the sine of the angle formed by the vectors a = 
= (—2, 2, 1) and b = (6, 3, 2). 

270. Find the area S of the parallelogram constructed on the 
plane vectors a = (1, 2) and b = (3, 4). 

Remark 1. If a triangle with vertices A = (x1, yi), B = (Xe, y2), 
C = (x3, y3) is given in the xy-plane, then the area of this triangle 
is obviously equal to half the area of the parallelogram constructed 
on the vectors AB = (xe—X1, ye—y1) and AC = (x3—%4, ys— 1). 
Hence, the area of the triangle ABC is equal to 


s=! No XN] yo-yr | 
| 2 | NXg XE Ya | 


This equality can also e written in the form 


ai yi i 
sS= 5 Xy ye ||. 
X3 Y3 I 


This determinant of the third order is equal to the second-order 
determinant written above. To make sure that it is so, it suffices to 
multiply the first row of the third-order determinant by (— 1) and 
to add to the second and third rows and then to expand the deter- 
minant in terms of the elements of the third row. As an example, 
compute the area of the triangle ABC with vertices A = (1, 2), 
B = (2, —1), C = (0, 1). 
271. Check to see whether the below vectors are coplanar: 


(a) a = (2,3, —-1), b=(1, —1,3), c=(1,9, —11); 
(b)a=(1,1,0), b=(0,1,0), c=(1,1,1). 


272. Prove that the four points A = (1, 2, —1), B = (0, 1, 5), 
C = (-1, 2, 1), D = (2, 1, 3) lie 1n one plane. 


Remark 2. The Mutual Positions of Two Straight Lines. 
Let us be given two straight lines 


XTX _ b Aas 6 zZ—2, (L1) 


ns = =e a (L2) 
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where a?-+ 67+ y? = 1 (¢ = 1, 2). We introduce (unit) vectors 


al == (a1, fi, V1) a? eon (a2, Bo, V2); 
and points 


Ay = (X1, V1, 21), Ao = (X2, ye, Z2). 


The distance d between two straight lines L, and Lz» is defined as 
the minimum of distances between two arbitrary points A € L, and 
Bé Ly. 

. Three cases are possible here: 

I. Ly; and Lz intersect at some point. In this case, obviously, 
d= 0. 

II. L; and Ly are skew lines, i.e. they do not intersect and are 
not parallel to each other. In this case the vectors a! and a? are 
noncollinear and the distance d between L, and Lz is computed by 
the formula 

Na-N1 Ya-Yr Za— 2, || 
a! Xa*) 1 B, i (1) 
| 


a Ce eee ee eke oe) 
hy Be v2 


‘alxa?| — jalxat| 

Indeed, let //, be the plane passing through L, parallel to Le 
and let IIs, be the plane passing through Le parallel to L). It is 
obvious that the planes //; and //, are parallel to each other and 
perpendicular to the vector a! Xa?. Therefore, the distance between 
the straight lines L; and Le is equal to the distance between the 
planes JZ, and I/,. Since the point A, € LZ; € [,, and the point 
Ag€ L2€ Le, the distance d between /7, and IT. is, obviously equal to 
the absolute value of the projection of the vector A;Az on the 
vector a! xa?: 


1 | Ay Aa - 


d= |Plarxat A 5 

A, which equals the right-hand member 

of (1) (see [2], Sec. 5, p. 39). 
III. £; and Le are parallel. In this 
case we may regard that a! = a? 
(changing, if necassary, the sign in 
A —— the equations of L2). The distance d 
; Pras Ay A, between L,; and Ly» 1s computed by 


le 
Fig. 16. the formula 


a= /\AA (ry A) = VIA Ga a 
= V (x2 —X1)? + (Yo — yy)? + (Ze — 21)? — [%_ — X41) + (Ve — Yi) Bi + (Ze - z)ri1° 


(af +Hi+ yi = 1). 
(see Fig. 16). 
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Remark 3. Two Straight Lines Belonging to One Plane. 
Let us show that for two straight lines ZL; and Lz to belong to 
some plane, it is necessary and sufficient that the equality 


No—X1 Yea-yi 22-2) 
a1 pr Vi |e (2) 
2 Po V2 


be fulfilled. 

Indeed, this equality can be written in vector form in the fol- 
lowing way: A;A(a! Xa?) = Q. But this is just the condition of 
belonging of the three vectors Ai Ao, a}, a2 to one plane (see [2], 


Sec. 13) and, hence, the condition of belonging of the straight lines 
L, and Lz to one plane. 


Remark 4. In Cases I and III the lines L; and Lz are, obviously, 
found in one plane. Therefore, for them equality (2) is fulfilled. 
As far as Case II is concerned, it is obvious that £; and Le do not 
belong to any one plane and, therefore, in this case equality (2) 
is not fulfilled. 

Given below are some exercises in finding the distance between 
the indicated pairs of straight lines: : 


5 4° 5 6 3 ? 

X= 1 W.-H 2.... 26 sR a a2 

(b) 4 5 4” 1 2 1°? 
Be). PH2 2) X=). Yous .2+! 

Og Sa a ge 9 ee 
x—2 yl Zz x—-2 yt2 <2+41 

@*7atPat, AAs: 
1 2 3 Z 4 6 

x y-l1 z+2 x-1 yt2 2-6 

@) Fa" ate, Faas: 
4 5 4 1 2 1 

x+1  y+il z—1 x+1 yl z=). 

Og ae eg 


(answers : (a) 0; (b) 3/+/2; (c) 1/33/23 (d) 1/3/14; (e) 7/+/23 (f) 0). 
Let us consider the solution of Problem (b). In this example 
A; = (1, 2, 6), As = (0, 1, 2). The vectors (4, 5, 4) and (1, 2, 1) 
ure not unit vectors. Multiplying the equations of the given lines 
by the moduli of these vectors, we obtain the equations of the lines 
in the desired form: 
x-1I1 y—2 z—6 x y-1 z—2 


aly/57 5/5/57 4/0/57” 1/62/68” 
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ie. ay = 4/4/57, By = 5/4/57, 91 = 4/0/57; a2 = 1/r/6, Bo = 
= 2/+/6, yo = 1/+/6. It is easy to check that condition (2) is 
not fulfilled, i.e. our lines are skew lines. Therefore, the required 
distance will be found by formula (1). Let us find the vector 
product of the unit vectors at = (a1, £1, 71), a® = (a2, Be, pz): 


ae am 
al <a? 1 V1 


6-57 
ae , ¥2 


Hence, |at xa2| = 1/4/19. Now by formula (1), we obtain 


ee ea ae | ; 

19), 4 So eee Se, 

v 1 2 1 | V57-6 /2 
| 


Remark 5. The Volume of Tetrahedron. 
Let in space there be given a tetrahedron (triangular pyramid) 
ABCD with vertices A= (x1, yi, 21), B= (Xe, ye, Z2), C= 
= (X3, ¥3, 23), D = (Xs, Yay 21). 
K-----—— a It is required to find the volume 

| YO f°] of this tetrahedron (Fig. 17). 

As is seen from the figure, the 
| volume of the tetrahedron ABCD 
J is equal to 1/6 the volume of the 
| parallelepiped constructed on the 
H vectors AB, AC, AD. But we 
j know (see [2], Sec. 13) that the 
—J volume of this parallelepiped is 
7 equal to the absolute value of 
the triple | scalar product of the 
vectors AB, AC, AD. Therefore, 
the volume V of the triangular 


iX4—Xy V4—V1 24-2] 
1Ya Ja 24 | 


pyramid ABCD is equal to 

v= | ¢ (AB x ACAD | 
| |Xe—X1 ype-yi 22-2 Re Wa oan 
= 4) x eg a ee me ee 
NG 3 1 Y3—yi 3— 21 V6 ies ys za 1 
| l 
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_ Problems. Find the volume of the tetrahedron given by its ver- 
tices: | 
(a) Ad = (0,0,0), B=, 1,0), C= (2,1,0), D= (0, 0, 6); 
(b) A = (0,0,0), B= (4,1,1), C=(1, 1,0), D = (0,0, 8); 
(answers: (a) 1; (b) 4). 


Sec. 3.9. Dependent and Independent Systems of Vectors 
(See [2], Sec. 14) 


273. Find out whether the vectors 
(a) a = (1,1,1,1), a* = (1, 2, 1, 2), 
a® = (3,1, 3,1), at = (0, 1, 1, 0); 
(b) a! = (1, 0, 1), a*=(1,1,2), a® = (2, I, 2) 
are linearly dependent or linearly independent. 


274. Prove that a system of vectors containing two equal vectors 
are linearly dependent. 


275. Find all the values of A for which the vector b = (7, —2, A) 
is linearly expressed in terms of the vectors at = (2, 3, 5), a2 = 
= (3, 7, 8), a? = (1, —6, 1). 


Sec. 3.10. Linear Operators. The Basis 
(See [2], Secs. 15-17) 


276. Compute the product of the matrices AB and BA: 


@4=(5 74)  8=( 5): 
wa=(p 3). a=(5 4} 


5 8 —4 3 2 
()A={6 9-5], B= [4 1]. 
4 P23 i 2 


277. Compute the below expressions: 
11) /1 )(' ) (; 1) 3 
@() 1) =(0 lo i) © 4): 


of Poa 
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278. Find all the matrices B= (° 1) permutational 


(commutative) with the matrix A: 


wa=(' 2), waa(! 2) 


279. Find the inverse to the given matrix: 


2 3S 7 
1 2 
wa=(} 3} waa(e 3 4) 


cos a —Sin ") 


(6) A = ( 


280. Solve the matrix equation 


le 2h. 43° 2 = (* A 
(; x= (2 5). where XY = ee) 


Solution. Let us find the inverse of the matrix A = 


1 2 
= (3 4): An = 4 Ayz=—3, An =—2, Ag=1; A= 


sina cosa 


Ay A>; 

A A iy at 
A= = 

Ay, Ags 3 1 

A A. 2.2 


Multiplying both sides of the equation by A714, we get 


(A“!A = E): 
3 5 —1 -] 
‘a =1 = 
r= a(S )=(-2 a) 
281. Solve the matrix equation 


3 -—2 —1 2 
(SE r)=(5 3) 
To find the inverse A~1 of the matrix A, we have to solve 
the system y = Ax with respect to x. Let x = By. Then A“ = B, 


since ABy = Ax = y, 1.e. AB = E; BAx = By = x, i.e. BA= E, 
where E is a unit matrix, i.e. AB = BA = E. 
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Let us apply this method to find the inverse of the matrix A = 


). We form the linear system 


~A\3 4 
Xy+2x2 = V1, 
Ax=y or 
3x1 + 4x2 = yo. 
Solving this system we obtain 
x1 =—2yitye, 


3 1 
X2= 5 Yi- 5 2. 


Hence, 


282. Using the indicated method, find A“! for the given matrices: 


12 1 1 0 
(@) A= (i nF (b) A=1{0 1 If. 
10 1] 
283. Find out which of the operators in Ax is a linear one, and 
for a linear operator find its matrix: 


(a) AX = (Xo+ X3, 2x1+ X3, 3xX1—Xet x3)3 
(b) Ax = (x1, Xo+1, x3+ 1). 


284. Let in the basis i’, i?, i8 there be given linearly independent 
vectors a', a?, a®. Find the linear transformation transferring the 


vectors a’, a2, a° into b', b?, b*® respectively if 
a’ = (2, 3,5); a? = (0:1, 2), a? = (1, 0, 0); 
b= (1,1,1), b?=(,1,-1), b= (2, 1, 2). 
Hint (see [2], Sec. 16). If we are given the systems of vectors 
a’ = (11, G21, 431), a* = (G12, G22, Asa), a® = (A113, G23, A433); 


bt = (b11, bei, 631), +b? = (bis, bee, bse), 1b? = (b13, bes, b33), 


then the linear operator generated by the matrix 


Qi1 G12 Q13 
A=[@21 do. do3}, 


431 32 33 
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maps the basis i, i’, i> into a’, a2, a, respectively. Consequently, 
A~* maps a’, a”, a® into i’, i?, i, respectively. Further, the operator 
B generated by the matrix 


bir bie big 
B= {ba bee bes}, 
bsi bse bs 


maps i‘, i*, # into b', b’, b®, respectively. Hence, BA~1 maps 
a!, a2, a° into b', b?, b’, respectively. 
285. Find the linear transformation mapping the vectors 


al = (2, 0, 3), a? = (4, 1, 5), a? = (3, 1, 2) 
into the respective vectors 
b'= (1,2, —1), b?= (4,5, -2), B= (1, —1, 1). 
286. A linear transformation A has the matrix 


IL 2. ©. 4 
3 O-1 2 
2 2 2: 
1 2 1 3 


in the basis #, i?, #, it. Find the matrix of the same transformation 
in the basis: (a) #, #, 7, i*; (b) 2, P+P, P+P4+P, P+P+P+%. 
287. In the basis a’ = (1, 2), a? = (—1, 1) a linear transforma- 
tion A has the matrix 
j --2 
es (_ ee 


Find the matrix of this transformation in the basis bt = (1, —2), 
b? = (3, —1). 
2 


288. Let transformation A have the matrix A = (; ‘} in the 


basis a!, a2 (see Problem 287). Find the matrix of this transforma- 
tion in the basis b‘, b?. 
289. Which of the given pairs of vectors are orthogonal: 


(a) x = (1,2,3), y= (0, —3, 2); 
(b) x= (1,2,1), y= (0, 1, 2); 
(c)x = (1,0,1), y = (0, 2, 1). 
290. Show that the system of vectors 
e! = (1, 2,3), e? = (0, —3,2), e = (13, —2, —3) 


is an orthogonal basis in R3. Find the coordinates of the vector 
= (1, 0, 0) in this basis. 
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291. Supplement an orthonormal system of the vectors 


x = (1//2, 0, 1/4/2, 0), y = (0, —1//2, 0, 1/+/2) 


with the vectors z and t to complete an orthonormal basis in Ry. 
292. Find out the orientation of the orthogonal basis with 
respect to the main basis i' = (1, 0, 0), i? = (0, 1, 0), i® = (0, 0, 1): 


ae ie 
= (YF _v2 0) 
2.” pe 


293. Let a new orthogonal basis b', b? be given by the orthogonal 


matrix 
“(in yank 


Write the formulas relating the coordinates (x1, x2) of the vector a 
in the old basis with its coordinates (x;, x) in the new basis. 
1 1 
294. Let the basis a', a? be given by the matrix 4A = (; ; 
Write the transformation formulas for passing from the coordinates 
of the vector a in the old basis to the coordinates in the new basis, 
and vice versa. 


Sec. 3.11. Linear Subspaces 
(See [2], Sec. 20) 


295. Is the following set of vectors a linear subspace: 


(a) having odd integral coordinates ; 

(b) having even integral coordinates; 

(c) lying on a straight line passing through the origin; 

(d) lying on the x- or y-axis; 

(e) whose terminal points lie in the first quadrant of the coordi- 
nate system (the initial points of the vectors are supposed to be 
coincident with the origin); 

(f) whose terminal points lie on a given straight line; 

(g) whose terminal and initial points lie on a given line; 

(h) which are all possible linear combinations of the vectors 
x1, x*,..., x* in R, (kK <n)? 
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296. Enumerate all linear subspaces of Ro. 


297: Let L be a subspace of R» (that is, the set of vectors lying on 
the straight line x2. = kx,). Find the subspace L’ which is ortho- 
gonal to the given one. 


298. Find the dimension and basis of linear subspaces which are 
linear combinations of the indicated vectors (or, as we say, spanned 
on a given system of vectors): 


(a)at=(1,0,0,-—1), a= (2,1,1,0) a = (1, 1,1, 1, 
a‘ = (1, 2, 3, 4), a’ = (0, 1, 2, 3); 
(b) at =-(1,0,.1);. a? = C1, 1. 1,). 2? = ©; 4; 2), at =. GB, 2;3). 
299. Let L be a subspace in Ry, spanned on the vectors 
a'= (1,0,0,—1), a? = (2, 1, 1, 0). 
Find the subspace L’ orthogonal to L. Let the vector a be orthogonal 


to L’. Prove that this vector is a linear combination of the vectors 
al, a* (a = aa'+ Ba’). 


300. Let e', e* be an orthonormal basis in a plane and linear 


operator A has the matrix ( a in the basis f' = e!, f? = 


= e!+ e?. Find the matrix of the adjoint operator A* in the same 
basis f*, f?. 


Solution. In the basis e', e? the matrix of operator A* is a trans- 
pose of the matrix of operator A. 

Let us first find the matrix of operator A in the basis e’, e?. 
We have 


A(e) = A(f!) = f1+£2 = 2e!+e?; 
A(e?) = A(f2—f) = A(f2)— A(f) = f1— 2? = —e!— 2e?. 


Thus, the matrix of operator A in the basis e', e? has the form 


— 2 1 
4=(7 5) #= (1-2): 
Now we find the value of operator A* on the vectors f?, f?: 
A*f! = A*e' = 2e'— e? = 3f1—-f?, 
A*f2 = A*(e!+e2) = A*el+ A*e? = 3f1—f2+e!—2e? = 6f!—3f?. 
Hence, the matrix of A* in the basis f, f2 has the form 


(7-3) 
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301. Let in Problem 300 the matrix of operator A in the basis 


f1, f? be equal to ; 4! Find the matrix of A* in the same 


basis. 
302. A linear operator A in the basis f! = (1, 2, 1), f? = C1, 1, 2), 
f? = (1, 1, 0) is given by the matrix 


i 1 3 
0 5 -If}. 
2 7-3 


Find the matrix of A* in the same basis regarding that the coordi- 
nates of the vectors are given in some orthonormal basis (for in- 
stance, f1 = e'+ 2e?+ e’). 


Sec. 3.12. Self-adjoint Operators. Quadratic Forms 
(See [2], Secs. 22, 23) 


303. Find the greatest eigenvalue of the self-adjoint operator 
defined by the matrix: 


o4-( 4 oa-(t 3) 


304. Using Sylvester’s theorem, find out whether the given 
quadratic form is strictly positive: 

(a) xf+x3+ 3x38+ 4x1x2+ 2x1x34 2x0Xx3; 

(b) 2x1X2+2x1X3+21X4+ 2X2x3+ 22X44 2X3X43 

(c) 2xG+ x¥+ 3x§+ 2x1X9+ 2x1x3+ 2x0x3. 

305. By finding the eigenvalues, find out the type of the quadratic 
form: 

(a) f= x°+4xy—y’; 

(b) f= x7+ 26y?+ 10xy; 

(c) f= x®4+3y?+2 1/3xy. 

306. Reduce the indicated quadratic form to the canonical form: 

(a) 3x$4+3x3+ 4x ux2+ 4x1x3—2x0x33 

(b) 7x3+ 7x3 + 7x$+ 2x1x%9+ 2x1x3— 2x0%x3. 

307. Find the orthogonal transformation which reduces the fol- 
lowing -forms to the canonical form. Write this canonical form: 

(a) 6x¥+ 5x3+ 7x8—4x1x0+ 4x1%3; 

(b) 17x7+ 14x34 14x3—-— 4x1Xe— 4x1xX3— 8xXoXz9. 
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Sec. 3.13. Second-order Curves 
(See [2], Sec. 24) 


The general equation of a second-order curve is written as 
Ax*+2Bxy+Cy?+ Dx+Ey+F = 0, (1) 


where A, B, C are not all zero. 

We assume that B = 0. Equation (1) can also be reduced to this by 
setting x = x’, y=-—y’. An appropriate orthogonal transfor- 
mation reduces equation (1) to the form 


AS? + Aon?+ 2do+2en+g = 0, (2) 


where 4,, Az are the eigenvalues of the linear self-adjoint operator 
generated by the quadratic form 


Ax*+2Bxy+Cy" (3) 


and d, e, g are certain numbers. For B = 0 equation (1) has form 
(2). Therefore, further on we assume that B => 0. 

The coordinates &, 7 are considered in a new rectangular system 
(new orthonormal basis) whose unit vectors are the eigenvectors of 
the indicated self-adjoint operator. In this case, if the first eigen- 
vector x! (unit vector), corresponding to the eigenvalue /;, has the 
coordinates (Xo, yo), then for the second eigenvector (for B > 0) we 
take the vector (— yo, Xo) OF (Yo, —Xo). Note that the vectors 
(Xo, Yo), (—Yo, Xo) are oriented in the same way as the initial basis 
i = (1, 0), j = (0, 1), whereas the vectors (xo, yo), (Yo, — Xo) are 


oo gee —1<0QO}. 
Yo —Xo 
Thus, if B > 0, then the coordinates are transformed to the form 
x = Xob yon, 
y = pos Xon. 


oriented in the opposite way (4 = 


In the two-dimensional case the eigenvalues and eigenvectors can 
be computed by the formulas obtained in [2], Sec. 24: 


ay = AEE 4 5 4B (AO, 
ta = 1 VE CH; 


me fp ee 
. 2 | 24/4B7+(A—C)*’ 


Pe, | oa ae 
. © V2” 24/4B+ (4—-O 
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Of course, each time the eigenvalues can be found as the roots 
of the characteristic equation 

A—-A B 

B C-Al\ 


and the coordinates of the eigenvector x! as the solution of the 
system 


(A—Aj)x0+ Byo = 0, 
Bxo +(C— Ai)yo ==): 
If both eigenvalues 4; and A, are not equal to zero, then equation 
(2) can be written in the following way: 
5 d 
a(E-a)+Ax(n—BY = 7, a=-F-, B=-~, @ 
where y is a constant. Whence, setting u = —a, v = 7-8, we get 
Ayu2+ Agv2 = ¥y. (5) 


If AC—B*>0, then AjAz> 0, and (5) directly yields the 
canonical equation of an ellipse (real or imaginary) or a point. 

If AC—B? <0, then AjA2<0 and (5) readily yields the 
canonical equation of a hyperbola or a pair of intersecting straight 
lines. 


And if AC— B? = 0, then 4,A2 = 0. But if one of the eigenvalues, 
say A,, 1s different from zero, then equation (2) is written in the form 
Ax(E—«)?+ 6n = w. (6) 

If 6 = 0, then equation (6) defines a pair of straight lines (real or 
imaginary). But if 6 ~ 0, then, setting u = ¢—a, v = n-> and, 
possibly, v =—v’, we obtain the canonical equation of parabola. 


308. Find out the type of the following curves and reduce their 
equations to the canonical form: 


(a) 3x?+3y?—6x—12y+3 = 0; 

(b) 3x?+2y?—6x—12y+15 = 0; 
(c) x*—2y?+ 4y—4 = 0; 

(d) 3x?—6x+ 3y?—12y+ 15 = 0; 
(e) x*—2y*+4y—2 = 0; 

(f) 4x—3y?+ 12y—12 = 0; 

(g) 3x?+2y?—6x—12y+22 = 0. 
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309. Determine the type of the following curves and reduce 
their equations to the canonical form. Write the transformations 
of the coordinate system. Represent the coordinate systems and 
the curves. 


(a) 3x7+ 10xy+3y?—2x—14y—13 = 0; 
(b) 25x?— 14xy+ 25y?+ 64x— 64y— 224 = 0; 
(c) 9x?—24xy+ 16y2—20x+ 110y—50 = 0. 


310. Given the equation of a curve: 4x?—4xy+y?+6x+1 = 0. 
Determine for what values of k the straight line y = kx 


(a) has one common point with the curve; 

(b) intersects the curve at two points; 

(c) has no common points with the curve. 

311. For what values of k does the straight line y = kx touch the 
curve (x+y)?+2 = 1/2(y—2). 


312. Write the equation of the second-order curve passing through 
the following points: (0, 0), (1, 0), (1, 1), (—2, 1), (0, 3). 


Sec. 3.14. Second-order Surfaces 
(See [2], Sec. 25) 


The general equation of a second-order surface has the form 
A11XT+ do2X3+ A33xX3+ 2a12x1X2+ 2a13X1X9-+ 2d23X2x5 

+2A1xX1+2A0x20+2A3x3+B=0. (1) 

If the mixed products of the variables are absent from equation 

(1) (i.e. die = aig = Ge3 = 0), then the equation of a surface 1s 


reduced to the canonical form by separating perfect squares with . 
respect to the variables x1, x2, xg of the form 


a) (X41 = a1 )?+ A2(X2—- ao)*+ a33(X3— a3)" 


and translating the origin to the point (a, a, «3). 
But if the mixed prOeuets are present, then we first reduce the 


symmetric quadratic form s y ay1X4.X; to the canonical form. 
k=1 l=1 


The eigenvalues of the operator generated by this quadratic 
form are found as the roots of the characteristic equation 
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and the coordinates of the eigenvectors x* (k = 1, 2, 3) are found 
from the systems 
(Qyy—Ag)X1+ Gi2xX2 + Aisx3 «== OO, 
AX, -+(deo—Ax)xX2+ do3xx3 = 0, 
ayiX1 + gene +(da3—-Ax)X3 = 0, 
which, as it is shown in [2], Sec. 25, always have solutions (three 
pairwise orthogonal vectors x', x”, x’). 


313. Reduce the indicated equation to the canonical form and 
name the surface defined by this equation: 


(a) x°+ y?+ 24+2x+4y—4 = 0; 
(b) x?+2y?+ 22+2x+4y—1 = 0; 
(c) x?7+2y?— 274+2x+4y—1 = 0; 
(d) x?+ 2y?+2x+ 4y—2z+3 = 0; 
(e) x*—4y"— 27+ 8y—2z—9 = 0; 
(f) x°+2y?-—2x—4y-1 = 0. 
314. Reduce the given equations of surfaces to the canonical 


form and indicate the appropriate transformations of the coordi- 
nates 


(a) 11 x9+ Sx$t 2x$4+ 16x, x%_+ 4x1%3—20%9.%3+ 2x, + 2X5 + 2x5 
+1=0; ‘ 

(b) 3x$+ 3x34 4x,X%_4 4x1%3—2X_xX3+4x,+1 = 0. 

315. Find the curve along which the plane x = 2 cuts the ellip- 

Pr we ee ee 
soid Tetptay al | 

316. Write the canonical equation of the hyperboloid of one 
sheet passing through the points (1, 0, 0), (0, 4, 0), (1, 1, 1). 


317. Write the equations of the projections (on the coordinate 
planes) of the section of the elliptic paraboloid y?+z2 = x by the 
plane x+2y—z = 0. 


318. What line is defined by the equations 


x? y a 
ea a 
x—2y+2 = 0? 


319. Write the equation of the tangent plane to the hyperboloid 
2 2 2 
of one sheet =; — “ +53 = 1 at the point (0, 0, c). 
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320. Write the equation of the surface generated by revolving the 


ellipse 
xr 
at pol 
z= 0 
about the -v-axis. 
z Solution. Let us take an arbitrary 
point P= (x, y, 0) on the given 
M ellipse. During rotation of the ellipse 
about the x-axis the point P describes 
a circle of radius y. Let M = (x, y, Z) 
be an arbitrary point on this circle 


(and, consequently, on the desired 

Y surface). It is obvious that CP = 
=|~J| =CM= V¥4+2, x= 
(see Fig. 18). Since the point P lies 
on the ellipse, we have 


Fig. 18. ae ae a 


Replacing y and x by their values, we obtain 
x” yr+2" 7 1 
ae Be 
This is just the sought-for equation of the generated surface. 


Remark 1. Since the curve f(x, y) = 0 is revolved about the 


x-axis, the y-coordinate is replaced by ~/y?+ z? in the equation of 
this curve. As a result, we get the equation of a surface of revolution 
about the x-axis: 


f (x, Vy? +22) = 0. 
It is also obvious that 
f(x +2, y) = 0 
is the equation of a surface of revolution about the y-axis. 


321. Write the equation of the surface of revolution generated by 
rotating the curve | 


a ee 
@{ 9 OY ere” 
y= 0; y=O0 


about the z-axis. 
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322. Find the points of intersection of the folloving surface and 
straight line: 


y" = x-3 _ yr4_ 2z+2 
@ atm to by ge Sg ge 
y? m x41 7 y—2 Z 3 
(b) % Vt a 2, 2° -=-1 °° =-2° 


323. Write the equation of the cone with vertex at the origin 
whose elements touch the sphere 


(x+2)2+ (y— 18+ (2-3)? = 


Solution. The given sphere is of 
radius 3, its centre C having the 
coordinates C = (—2, 1, 3). Hence, 
the xy-plane touches the sphere at 
the point P = (—2, 1, 0) (Fig. 19). 
The ray OP is the generatrix of the 
cone. The directrix of the cone lies 
on the sphere and in the plane pass- 
ing through the point P perpendicu- 
lar to the straight line OC. The 
equation of the straight line OC is 


x... ¥ 2.8 
a2 4. 3.4 Fig. 19. 

The equation of the plane passing through the point P perpendicu- 

lar to OC 1s 


—2(x+2)+(y—1)+3z = 0. 
Therefore, the directrix of the cone can be defined by the system 


(x+2)?+ (y— 1)?+(z-— 3)? = 9, 
—2x+y+3z—5 = 0. 


Let now (x, y, z) be an arbitrary point on the directrix and let 
(X, Y, Z) be an arbitrary point of the generatrix (and, consequently, 
a point belonging to the cone). The equation of the generatrix can 
be written as the equation of the straight line passing through the 
points (0, 0, 0) and (x, y, z): 
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Eliminating x, y, z from the system and from the last three equa- 
tions, we obtain the equation of the cone. We then fix z = c and 
express x and y in terms of X, Y, Z: 


cX me? 6 


x= A 3 y= 7 : 
Substituting these values into the system and eliminating the para- 
meter c, after elementary transformations we obtain the required 


equation of the cone: 
X?+ 4Y2— 4724+ 4XY+ 12XZ—6YZ = 0. 


324. Write the equation of the cone with vertex S = (5, 0, 0) 
whose elements touch the sphere x?+ y?+ 2? = 9. | 
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FUNCTIONS OF SEVERAL VARIABLES 
(See [1], Chapter 8) 


Sec. 4.1. Basic Concepts 


325. Find and represent the domains of existence of the following 
functions: 


(a)u = V/1—x—4y2; (b)u= a/ 1-242; 
] 


(c) u= V/y—4x; (d) u= Sr: 
(e) u = In(x+y); (f) u = arc sin =. 

326. Find and represent the domains of existence of the following 
functions of three variables: 


@)u=4/1-%- 5-45 (by w= 4/14: 


Sap Sear ieee 3 
(c) wu = In (—x*—y?+ 22); (d) u=a/145t eS: 
(e) w= arc sin x+arc sin y+arc sin Zz. 


327. Evaluate the function 
f (x, y) = P+ 


at the points (1, 0), (1, 1), (2, 1). 

328. Find f(x, y) if f(x+2y, x—2y) = xy. 

329. The contour (or level) line of the function u = f(x, y) is 
defined as the set of points belonging to the domain of its definition 
at which it attains the prescribed constant value: f(x, y) = c. 
The latter is thus the equation of the contour line. 

Geometrically, it means that we cut the surface defined by this 
function (1.e. its graph) by the plane u = c and projected the line 
thus obtained on the xy-plane. This projection of the section is just 
the contour line. 

Find the contour lines of the given functions: 


2 2 
(a) u= i---4; (b) u = ae 
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330. Find the distance @ between the points (1, 0, 1) and (2, 1, 0) 
in space R3. 
331. Find the limit of the sequence of points 
Mt = (— =i) (k=1,2,...) 
1+k? k?4+1 ea 
332. Let the set F = {|x| -< 1, |y| = 1}. Which points of this 
set are interior? 
333. Are the following sets connected ones: 


2 2 2 
(a) E= {\x|/+|y| = 1}; (b) E= {7,-2--G = 1}; 
(c) E= {x*+y? # 1}? 


xX 


Sec. 4.2. Limit of a Function. Continuity 
(See [1], Secs. 8.3, 8.4) 


A function fhas a limit at a point x® equal to A if it is defined in 
some neighbourhood of the point x® except, possibly, at the point 
x® itself, and if 


lim /(x*) = 


xk —» x0 
xk 34 x0 


whatever the sequence of points x* from the mentioned neighbour- 
hood (different from x®) tending to x®. 

But there are cases when a function / is defined not in the entire 
neighbourhood, but only in one of its subsets E. In this case there 
arises the notion of the limit of a function at the point x° with res- 
pect to the set E. 

The number A is said to be the limit of the function fat the point 
x9 ¢€ FE (E is the closure of E, see [1], Sec. 8.11) with respect to the 
set E if 

lim (f(x‘)=A 
xk —» x0 
xt € E, xk~ x0 


whatever the sequence of points x‘ € E, converging to x°. This 
definition is equivalent to the following: the number A 1s called the 
limit of a function f at point x°¢ E with respect to the set E if 
Ve> 0, 46 = d(e, x°) > 0 such that 


|f@—-Al<e, YxEE, 0O<|x—x| <6. 


Example 1. The function 


f(x) = 1%, %) = VxF+ 3G sin 


x? 4- x2 
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is defined in the entire plane Re except the origin. It is obvious that 
in any neighbourhood of the origin the function / satisfies the in- 
equality 


pel ts , 1 et 
/oo| = |Vatbxdsin |< VR 
= |x| = |x--O|-<e« (x40) 
provided that |x| < 6 = e. Hence, at the point 0 = (0, 0) an or- 
dinary limit exists and 1s equal to zero: 
lim f(x) = 0. 
x—0 


x0 


Example 2. The function 
ai. uf 
F(X, Xe) = (x¢+ 9) sin Eke 


is defined on the set E representing the plane Re without the coordi- 
nate axes. The function f has no ordinary limit at the point 0 = 
= (0, 0), but the limit of fat this point with respect to E exists and 
is equal to zero 

lim f(x, X92) =. (0. 


x; > 0, x2—>0 
(*1, x2)EE 


Problems. Consider the existence of the limit of the given func- 
tion at the indicated point: 


(a) f(x, y) =a at the point (0, 0); 


| 24 2 , 
(b) f(x, y) = Sa at the point (0, 0); 


(c) f(x, y, z) = exp (— 1/0? + y?+2°))/(4+ y+ 24) 
at the point (0, 0, 0). 
334. Find the limit of the given asain 


. sinxy ; J. 
(a) a (x #0); (b) lim ay, | Ty 
yo? a 


335. For what c will the function 


A/1—x2—4y2, x24 4y? < J, 
Cc, x?74+4y? > | 


I(x, y) = 


be continuous in the entire .y-plane? 
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336. Find out: (a) whether the function 


2xy 24 2 
fuxyal err * en 
0, x=y=0 
is continuous at the point (0, 0); 


(b) whether it is continuous on the ray in the direction of any 
vector w ~ 0, emanating from the origin. 


337. Prove that the set of points (x, y) satisfying the inequality 
] — x?— y? > c Is an open set. 


Sec. 4.3. Partial Derivatives. Differentials 
(See [1], Secs. 8.5 and 8.6) 


In Problems 338 to 341 find the partial derivatives of the given 
functions and their total differentials. 


338. u = x8+y?—2xy. 339.u = x’y’. 
340. u = In(x+ 4/x?+y?). 
341. (a) u=arctan(y/x); (b)u= xyt— : 


(c)u= x”; (d) u= sinh (x+y); (e) w= cosh (x*y+sinh y). 
342. Compute the determinant 


oe 
or 6) 
A= . 
Oy oy 
Or Op 


if:(a)x=rcosg,y=rsing; (b)x=Pr+9,y=r+¢q". 


343. Find the partial derivatives of the indicated composite 
functions with respect to the variables ¢ and 7: 


(a)u=~+~Yxt+y, where x=ett, y=Int; 
(b) u= xy, where x=cos(t+t), y= sin (t—T). 


344. Find and construct the gradient of the given functions at the 
point P = (1, 1): 


(aju=x’*y; (b)u = 2x?—3y*. 


345. Find at the point P = (1, 1) the derivatives of the functions 
u in the direction of the vector n = (4/3/2, 1/2): 


(a)u= Inv x+y"; (b) u = 2x°—3y’. 
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346. Find the derivative of the function u = 2x?—3y? at the point 
P = (1, 1) in the direction of the gradient. 

347. Find the angles made by the gradient of the given function 
at the point P = (1, 1) with the coordinate axes: 


(aju=xV34yp; (bh u= x+yV3, 


Sec. 4.4. Partial Derivatives and Differentials 
of Higher Orders 
(See [1], Secs. 8.5 and 8.9) 


348. Find the partial derivatives and second-order differentials of | 
the following functions: 


(a) u=In(x?+y);  (b) u = V/2xy+y’. 
349. Show that the indicated functions 
(a) u = arctan (y/x);_ (b) u =—In \/(x—a)?+(y—b)? satisfy 
Laplace’s equation 
2 2 
350. Show that the function 
u= 9(x—at)+y(x+ at), 


where ¢, y have derivatives up to the second order, satisfies the 
. O7u 9 07u 
equation ry = Ax? . 
351. Find the derivatives and differentials of the second order of 


the composite functions (x, y are independent variables): 
(a) u = f(&, 0), f = ax, n = by; 
(b) u= tT, ), = x+y), = xX—Y). 


It is supposed that f(&, 7) has derivatives up to the second order 
(inclusive).with respect to all variables. 


Sec. 4.5. Tangent Plane and a Normal to a Surface 
(See [1], Sec. 8.7) 


352. Write the equation of the tangent plane and the equation of 
the normal to the given surface at the indicated point: 


(a) to the paraboloid of revolution u = x?+y? at the point (1, 
2, 5); 


(b) to the surface u = - y? at the point (2, —1, 1). 
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Sec. 4.6. Taylor’s Formula 
(See [1], Sec. 8.10) 


353. Find the increment in the function: 


(a) u = x*—y?+ xy when passing from the values x = 1, y = 2 
to the values x1 = 1+h, y; = 2+k; 


(b) u = x*y when passing from the values x = 1, y = 1 to the 
values x; = 1+h, yy = 1+k. 


354. Using Taylor’s formula, expand the function f(x, y) = 
= e* sin y in the neighbourhood of the point (0, 0) up to the terms 
of the third order inclusive. 

355. Using Taylor’s formula, expand the function f(x, y) = 
= exp (x+y) up to the terms of the third order (inclusive) in the 
neighbourhood of the point (1, — 1). 

356. Find the value of the parameter 6 in Lagrange’s formula for 
functions of two variables (see [1], Sec. 8.10): 

vo, — (oF 
FOF) = (SE) cea 
(sr, 


ae —x9) 


(x;—x7 
(X.—-X3) (0< @~< 1); 


(a) f(x) = az+.% with respect to the points x® = (0, 0), x = 
= (1, 1); 
(b) f(x) = x?+.2 with respect to the same points. 


Sec. 4.7. Extrema ° 
- (See [1], Sec. 8.13) 
In Problems 357 to 361 investigate the given functions for extre- 
mum. / 


357. z= (x—2)?+2y?. 358. z = (x—2)?—2y". 
359. z= x'+4xy—2y*. 

360. z = x'+ y!—2x?+ 4xy—2y?. 

361. u= x2+ y?4+ 22— xy+x—-2z. 


362. Find out whether the given function has the greatest value 
within the indicated intervals. Find it if any: 


I, O=x=x=1, Oxy], 
(a) z= 
2(2—y) Osxsx<1l, 1<ys2; 
2 
(b) z= ey (xl <1, [yl =D. 
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Sec. 4.8. Implicit Functions. Conditional Extremum 
(See [1], Secs. 8.15-8.17) 


363. Find the derivatives y,, y3z of the implicit function y(x) 
given by the equation 
at R= 
364. Find © and ©, if 
Ox Oy 
x cos y+ycos z+zcos x = I. 


365. F(x, y, z) = 0. Prove that 
Ox oy _ Oy Oz Ox 


Sp Ge er ae en 


366. Functions u, v of the variables x, y are represented implicitly 
by the system of equations 


x—@(u, v) = 0, 
y—y(u, v) = 0. 
: Ou Ou Ov Ov 
Find 30> By? ax? By" 
367. Find ee, oe if x=ucosv, y= usinv, Z= cv. 
Ox Oy 


368. Write the equation of the tangent plane to the indicated 
surface: 


(a) x2+2y?+3z? = 21 at the point (1/3, 0, 6); 
(b) to the ellipsoid Se = ] at its point (Xo, yo, Zo). 


369. To the surface x?+2y?+ 3z? = 21 draw the tangent planes 
parallel to the plane x+ 4y+6z = 0. 

370. Write the equations of the tangent plane and the normal to 
the surface 3xyz—z* = a’ at its point (0, a, —a). 

371. Find the rectangle of the greatest area having the given 
perimeter /. 

372. Find the axes of the ellipse 5x?+ 8xy+5y? = 9. 

373. Of all the triangles of the given perimeter 2/ find the one 
having the greatest area. 
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SERIES 
(See [1], Chapter 9) 


Sec. 5.1. Number Series 
(See [1], Sec. 9.1) 


374. Using the definition, consider the convergence of the given 
series and find their sums: 


1 I | 1 


11 1 


my pou 
(c) 2 at GD 


co 


375. Prove that the harmonic series )) ~ is divergent, applying 


n=1 
the integral test and Cauchy’s criterion. 
376. Using the integral test for convergence of a series, find out 


for what « > 0 the series )' n-* is convergent. Prove that 


n=1 


= O(In(N+1)), N=2; (1) 


». 4 


N 
Si= Y= Olt} O<a<1, NHI; (2) 


R= ¥ = OW), a>1, NEI. (3) 
Solution. Since the function f(x) = x~* (a > 0) is monotonically 
decreasing to zero on (0, <) as x + o, the series )' k-* and the 


improper integral | x-*dx are simultaneously convergent or 
“4 


divergent. 

As is known, this improper integral converges for « > 0 and 
diverges for 0 < « = 1, hence, the series y k-2 also converges for 
a > 1 and diverges for 0 < « =< 1. 

Let us now estimate the growth of S% (0 < a = 1). Leta = 1; 
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then 
pe eae N ae N 1 
x x 
In(N+1)= { zz | S<D y= (We) 
1 =] k k=1 
N+1 N k+1 N 
dx dx 1 
In (N+1) = | ==, i ee Nae 
i ~~ Kk = 
N+1 1 ; 
= — = Sy—1 7 a 
, k wat: 
Hence, 
In(N+ 1) < SL < 14+In(N+1) <= 2In(N+1), N=2. 


The inequality ae < 2 In (N+1) just proves property (1). 
Using the equality (0 < « < 1) 


N+1 kaye 
(N+1)i-# | dx { dx 
l-a 1- xe X xx’ 
1 marr oe 


we get (2) in a similar manner. Note that the constants entering into 
the symbol O(N!~—*) depend on «. 
Let us now estimate the remainder R% (« > 1): 


1 dx = dx ea. ul 
a en ee bated eee 7. 
(a—1)N2-! i xe pe J xe or ko N » 
1 il 1 
ae qe = BY yes 
(a—1)Ne=-1 > y te ay k es k N 
a= ee ee =< od l-a ae 
Res gaywert ye Saar (N= DD, 


1.e. property (3) takes place. 
Note that in fact we have proved more than this: 
Dee eee ca ana 
(@—1)Ne-2 ON gt Ned 
In Problems 377 to 380 investigate the given series applying 
comparison tests and a necessary test: 
n+1 


2. 3 
371. > +t +0) Tot Stack 


378. by 


Gace 


—=— 


380. (a) bs In(1+;); (b) x In (1+ gs)3 


(c) x (1—exp (- i)). 


In Problems 381 to 384 investigate the indicated series for con- 
vergence with the aid of D’Alembert’s test or Cauchy’s test. 


co 


2k — 1 1 4 n 2 n 
381. ane, 382. —4+-4 ...4--+...= oe 
oy (4/2)" 3 9 3" 2 n 

= k+1\k = n 2n—1 

383. 0 (epi) 384 D can 


In Problems 385 to 387 investigate the given series with the aid of 
the integral test. 


fo =) 


1 — 1 
385. z ninwgelwuin 7 : 386. 2 lot an (€ => 0). 


=2 °k 


— | 

387. > Wed” 

n= 

388. Investigate for convergence the series with the general term: 
ne 1/n 

a/ x dx sin? x dx 

(a) U, = a1”? (b) u, a a. 

0 


In Problems 389 and 390 investigate the given series for absolute 
and conditional convergence. 


1 1 (—1)"*! i (—1)"*} 
389. 1-zte- tT +... 390 F Ae 


2n—1 n* 


n=1 
391. Show that the series }° a,b, is absolutely convergent if 
k=1 


the series ) aj, >) bj are convergent. 
k=1 k=] 
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Sec. 5.2. Functional Series 
(See [1], Secs. 9.8 and 9.9) 


392. Find the domain of convergence of the indicated series: 


OYE OLE gs 


— sin kx Se eet 
(c) Ge > (d) > x2. 
k=1 n=] 
393. ne the given sequences for uniform convergence: 


(a) f.(x) = 0O<x<; 


x+n’ 
(b) f(x)= x", O<x=3; 
(c) f(x) = x"—x"t1, O=x<];5 
(d) f(x) = x"—- x", OO x=], 


394. Make sure that the given series are uniformly convergent 
throughout the x-axis: 


— sinkx . — coskx . ice 1 
@ a ©) Logs OD wir: 


395. Applying termwise differentiation and integration, find the 
sum of the indicated series: 


x x” ; 
(a) Ney + ies Sas ties 


(b) 14+2x+ ... +(m4+I)x"4+ ...; 
(c) 1—3x?+5x4*— ... +(— 1)" 1 (2n— 1) x?"-2 + ... 


Sec. 5.3. Power Series 
(See [1], Secs. 9.11 and 9.12) 


396. Determine the radius and the interval of convergence of the 
given series and investigate the convergence at the boundary points 
of the interval of convergence; 


(a) ye (b) y (nxy"; (©) Yr D3-t 


n=l 


397. Write the first two nonzero terms of the expansion into a 
sesies in powers of x for the function: 


(a) tan x; (b) tanh x; (c) exp (cos x). 
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398. Express in the form of series the following integrals: 
(a) [exp(—#) dt; (by f MEO" 
t 
0 0 
399. Evaluate to within 0.001 the integral 


0.1 


400. Expand the function e* in powers of (x+2). 


Chapter 6 


DIFFERENTIAL EQUATIONS 
(See [3], Chapter 1) 


Sec. 6.1. General Concepts 
(See [3], Secs. 1.1 and 1.2) 


401. Write the differential equation for the indicated family of 
curves : 


(a) y? = 2Cx; (b) y= Cix+Ceo; (c) y = Cer; 

(d) x*+y2?=C*; (e)y = Cre**+Coe-*. 

402. Construct the isoclinic lines of the given differential equations 
and draft the integral curves: 


(a) =x; (b)W=14+y¥; (C)y =-x. 


Sec. 6.2. First-order Equations 
(See [3], Sec. 1.3) 


In Problems 403 to 408 solve the indicated equations with varia- 
bles separable: 


403. xy dx+(x+1) dy = 0. 
404. 4/y?+1dx—xy dy = 0. 
d , 
405. e~*(I +5) = 1. 406. y’— xy? = 2xy. 
407. y’ = 3y?3, (2) = 0. 408. y’ cotx+y=2, y(0)=1. 


409. Find the curves in which the point of intersection of any 
tangent with the axis of abscissas has the abscissa equal to 2/3 the 
abscissa of the point of tangency (Fig. 20). 

410. A tank is filled with 100 litres of 
a solution containing 10 kg of salt. The 
tank is continuously supplied with 
water (5 litres per minute) which is 
mixed up with the solution. The mixture 
flows out at the same rate. How much 
salt will remain in the tank in one hour? 

411. A body cools from 100° to 60° 
during 10 minutes. The ambient temper- 
ature is maintgined at 20°. When will 
the body cool down to 25°? 
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In Problems 412 to 417 solve the equations reducible to the form 
y= x¥f(2) (1) 
(for « = 1 we have a homogeneous equation). 
412. (x+-2y) dx-- x dy = 0. Hint. Use the substitution y = tv. 
413. (yp? -2xy)dv4-V dy = 0. 414. y24+ 7p’ = vpp’. 


415. xAdy = y?dxv. 416. x4dy = (92+ ee ") dx. 
417. xdy = (x? cos? + 2y) dx. 


418. Find the curve the tangent to which 1s found at a distance 
equal to the modulus of the abscissa of the point of tangency. 
An equation of the form 
y’+a(x)yt b(x)y? = c(x) 
is called the Riccati equation. In the general case it is not solved in 


quadratures. Some of Riccati equations are equations of type (1). 
In Problems 419 and 420 solve the given Riecati equations: 


419, x*y’4+xy+ xy? = 4. 
N 

: ‘— 9 2 e re . a—l1—af; 
420. (a) 3y ne, y x? 9 (b) y — pa a; ix . 


i=1 
In Problems 421 to 426 solve the indicated linear equations: 
421. y’+2y = 4x. 422. xy’—2y = 2x4. 
423. x(y’—y) = e*. 424. xy’t+y=e7, yi)=1. 
425. y = x(y’—xcos x). 426. (sin? y+ x cot y)y’ = 1. 
In Problems 427 to 430 solve the given Bernoulli equations: 


427. y' = y*cosx+tytanx. 428. y’= ce eae 


x oy 
429. xy’—2x24/y = 4y. 430. oO 42 = — xy. 


Sec. 6.3. Metric Spaces. Contraction Operators. 
Solution Existence Theorem 
(See [3], Secs. 1.4-1.7) 


431. Will the n-dimensional space R, be a metric space if the 
distance between the points x = (m1, ..., X,) andy = (yi, ..., Yn) 
is determined by the equality: 


(a) e& y) = max {| i—yil}s 
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imma Oe 

(X, = 

a 0, x=y? 


432. Find out whether the set of all continuous functions defined 
on [a, b] is a metric space if 


b 1/2 
of,gZ) = { [f(v)-e(w)P a) : 


433. Let 


n° O=<=x<Il1/n, a«>O0, 


fil) = ) 


0, %I/n<xsl. 


For what « does the sequence /,,(x) converge to zero in the sense of 
the metric from Problem 432? 

434. Will the metric space M = [2, 3) with the metric o(x, y) = 
= |x—y| be a complete metric space? 

435. Will the function F(x) = x* be a contraction operator: 

(a) in the complete metric space M = [— 1/3, 1/3]; 

(b) in the complete metric space M = [—1, 1]? 

In both cases the metric is o(x, y) = |x—y]. 


436. Construct an iterated sequence for the operator F(x) = x? 
if Xo = 1/ 2. 


437. (a) Find the fixed points of the operator F(x) = 1/(1+ x) on 
[1/2, 1]. Will the operator F(x) be contracting on [1/2, 1]? 

(b) Let the operator F(x)(x = (x1, x2)) operate in the two- 
dimensional metric space Re according to the law 


F(x) = (%1, — 2) 


(mirror image about the axis x2 = 0). What points are fixed for 
this operator? 

(c) Let F(x) = (x, x3), x € R,. What points of the plane R, are 
the fixed points of the operator F? 


438. On the basis of the theorem on existence of a solution of a 
differential equation, investigate in what interval [xo— 6, xo+ 6] 
the existence of a solution of the equation y’ = f(x, y) is guaran- 
teed if 


(a) vw = 1, yo= pA)=2, f(x, y) = 2xy? on the set 


; Ix—-I|}<l=a 
D= ; 
ly-2|<1=5 
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(b) x1 = 0, vo= (O)= 1, f(x, ¥) = 2xy? on the set 


b= | |x| < +/2/4 = ‘| 


Iy-1|=1=5) 
439. For the equation y’ = . xy, y(0) = 1, evaluate approx- 


imately y(1) applying Euler’s method. ‘Take h = 0.1 for the com- 
putation step. 

440. For the equation y’ = x+y evaluate approximately y(2) 
if y(1) = 1. Take h = 0.1 for the computation step. 


Sec. 6.4. Equations Not Resolved with Respect to Derivative. 
Singular Solutions 
(See [3], Secs. 1.8-1.10) 


441. Find all the solutions of the given equations; single out 
singular solutions if any; give a pictorial representation for each 
case: 


(a) y?—-y? = 0; (b) y?—4y" = 0; 

(c) y(y?+1) = 1; (d) y? = 4y"(1—y); 

(e) xy?—2yy’+x=0; (f) voxy’—y)? = y—2xy’. 

442. Solve the given equations by introducing a parameter: 


(a)x=y?+y’; (bd) y= y?+2y8; ()x=y V1t+y”. 
443. An equation of the form 
= xp(y')+ yy’), 
where y, y are some functions, is called Lagrange’s differential 
equation. In particular, if p(y’) = y’, then it is called Clairaut’s 
differential equation. These equations are also solved by introducing 
a parameter: 
y=p, dy=pdx; y= xp(p)+y(p); 
dy = p(p)dx+xy'(p)dp+y'(p) dp, 
or, taking into account that dy = p dx, we get 
[p—9(p)] dx = [xp’(p)+ p'(p)] ap. 
The latter equation is linear with respect to x. We know how to 
solve it (if p 4 y(p)): x = Cf(p)+a(p), where f, g are known 


functions. The system 
x = Cf(p)+8(p), 


y = xp(p)+ (P) 
yields a parametric representation of the solution. 
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And if p = 7(p) (in this case we have a Clairaut’s equation), then 


[xp'(p)+y'(p)] dp = 0, 
whence: 

(1) dp =0, p=C and y= x9(C)+y(C) = xC+y(C) is the 
general solution of « Lagrange’s (Clairaut’s) equation. This is a 
family of straight lines. Formally, the general solution is obtained 
by replacing y’ by an arbitrary constant C; 

(2) xy’(p)+y’(p) = 0. Then from the system 


= xp(p)+(P); 
0 = xp'(p)+y(P) 
by eliminating the parameter p, we obtain y = (x). If this func- 
tion is a solution of Lagrange’s equation and the uniqueness of 
solution is violated, then it is a singular solution of Lagrange’s 
(Clairaut’s) equation. 
444. Solve the Clairaut’s equation 
, l 12 
y=uxy—-qy'. 
445. Solve the equation 


yaxytvV ity? 


Sec. 6.5. Reducing the Order of a Differential Equation 
(See [3], Sec. 1.14) 


446. Solve the given equations: (a) y’’ = cos x; (b) y’” =x. 
In Problems 447 to 457 solve the given equations. 


447. xy” = y”. 448. yp’ = 2(y”—1) cot x. 
449," = y”. 450. yp” = 2yy’. 

451. xy” = 2yy’—-y’. 482. py’+y2 = 1. 

453. 2yy” = y*+y*, 454. yy” = (y’)’. 

455. yy’ = y?+y"y’. 456. xyy”’—xy2—yy’ = 0. 
457. x*yy” = (y—xy’y*. 


Sec. 6.6. Linear Equations with Constant Coefficients 
(See [3], Sec. 1.16) 


In Problems 458 to 462 solve the following equations: 
458. y’—2y’—3y = 0. 459. y’’—Sy”’+6y’ = 0. 
460. ypO—yp = 0. 461. py’ —Sy’’— 8y’—4y = 0. 
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462. (a) yO + 2p" +y = 0; (b) v’"4+3y’—4y = 0. 
463. Prove that. the Wronskian 


yi(t) ++ Yn(t) 

(t 12. Vat 
W(t) = Wiy1, aes Vn) ca me ee ee ese nen 
yy) oe. vO ON) 


of the system of solutions y;(/), ..., y,(f) of the equation 
YO) + pilD Y"-VO+ ... +P VO = 0, 
with continuous on (a, b) coefficients p,(t), ..., pn(t) satisfies the 
equation 
awit 
Te =~ Put) W (0). 


The given equation is an equation with variables separable, 
therefore, integrating it within the limits from x» to x, we obtain 


In| W (2) 


= — f po dt, 


W(x) = W(X) exp (- | pO i, 


The last formula is known as the Ostrogradski-Liouville formula. 
[t implies, among other things, that if W(xo) # 0, then the Wrons- 
kian 1s not equal to zero at all points belonging to (a, b). In this 
case, as we know, the solutions y(t), ... y,(#) are linearly indepen- 
dent on (a, b). 


Hint. See Problem 86, (b). Take advantage of the fact that 
YON =—pi) yl -PO- ... -—POv (kK=1),...,n). 
464. Solve the following nonhomogeneous equations 
py” —5y’’+ 8y’—4y = f(x), where 
(a) f(x) = 2c;  (b) f(x) = 4e*; (Cc) f(x) = 3e*. 
465. Find the particular solution of the following equations 
yO+2yp’+y = f(x), where 
(a) f(x) = e*; (b) f(x) = sin x; 
(c) f(x) = sinx+cos x; (d) /(\) = sin 2n. 
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466. Solve the equation y’+2y’ —3y = sin x. 
467. Write the form of the particular solution of the indicated 
nonhomogeneous equations: 


y’”’ —S5y”+6y’ = f(x), 
where 
(a) f(x) = e%5 (b) f(x) = xe®*; (c) f(x) = sin x; 
(d) f(x) = xvte®; () f() = M4+N+1;5) (F(X) = NeX sin x. 


Sec. 6.7. Euler’s Equation. 
Equations with Variable Coefficients 


(See [3], Secs. 1.15 and 1.16) \ 

468. Find out which of the given systems of functions are line- 
arly independent on [0, 1]: 

(a)1, sin?x, cos2x; (b)4—x, 2x+3, 6x+8; 

(c)x+2, (x+2); (d) x2, x8, x4. 

469. Solve Euler’s equations: 

(a) x2y’"’"—4xy’+6y = 0; (b) x*y”’—3xy’+3y = 0; 

(c) x2y’—3xy’+4y = 0; (d) x*y’’—2y’ = 0. 

470. Solve the given equation (a particular case of Bessel’s 
differential equation for v = 1/4, see [3], Sec. 1.24) 

xPy’’ + xy’ + (x? ~ =) y= 0. 


Solution. Let us introduce the substitution y = «(x)z and choose 
the function a(x) so as to eliminate the term containing the first 
derivative z’. We have 


y’ —_— a’ z+ 42’, y”’ — a’ 27+ 2a'2’ +02": 
xP02Z'” + 2’[ 20’ x2 + ax]+ z|a”xP-+ a’ x+ ax2— + = 0; 


1 , 1 4 3 


Ie’+~=0 a= —— ae” = — ——_ a’ = 
x ‘ x’ 2x0/x’ Axta/x’ 
2 
x0” + x0! + x2a— = ee as 
4 a/x 


We finally obtain 


x? 
—=Z 


2g=0; -2°4+2=.0. 
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The last equation is with constant coefficients, its general solution 


being 


z= C, cos x+Coesin x. 


The general solution of the original equation is 


1 
= - 


Vv 


471. Solve the equation 


y—dxy'+ xy 


= 0. 


~(C; cos x+ Cz sin vx). 
Vv 


Hint. See Problem 470: a(x) = exp (x?/2). 


472. Solve the equation x?y’’+ xy’— y = f(x), where 


(a) f(x) = x23 (b) f(x) = 2. 


Sec. 6.8. The Method of Variation of Constants 


ee 
(a)y"+y =Z—; y( 


(See [3], Sec. 1.17) 
473. Solve the following equations: 


(b) y’+4y = 2 tan x; 


(d) y"+2y'ty = Te. 


It 


2 


)=1. ¥()= 


Ih? J 1 
(c) y"+y = : 


COS Xx 


Sec. 6.9. Systems of Differential Equations 


(See [3], Secs. 1.19-1.22) 


474. Solve the given system by reducing it to on 


equation: 


(a) 


(c) 


dy = 
ae 2y+ 4Z= 4x, 


dz _ 19 
Pe ee aa 
a re 

dt? ae 
dy -_ 
ast ees ee fac 0, 
dz 
ae ae ae 


(b) 


(d) 


= Z, 
Aaa 
+y=x 


e differential 
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475. Solve the following homogeneous systems without passing 
to one differential equation: 


(a) yi = 2yit ye, X= x-y, 


po = 3y1+ 423 yp=y-Ax; 
& = y+5z, X(t) = y(0, 
Chin (d) } 9) = 2(9, 
ee dam z(t) = x(t). 


476. Solve the following nonhomogeneous systems: 
X= x—ytl, X= x—yre, 
(ayy. (by. : 
yp = p—4xtt,; yp = x—4Ayt+e*, 


Sec. 6.10. Solving Equations with the Aid of Power Series 
(See [3], Sec. 1.24) 


477. y’+y’—xy?=0, y(0)=2, y(0)=1. 

478. y’+xy = 0, y(0O)= 1, y(0)=0. 

Solution. We shall seek for the solution of y(x) in the form of 
the power series 

V(X) = Ant ayx+ dox?+ ... 

Finding: y’, y’’, xy and substituting them into the equation, we 
obtain a number of relations connecting the coefficients a; (a) = 1, 
a, = 0) wherefrom we just find the the values of these coefficients. 

But we may also reason in the following way. Since the power 


series is at the same time the Taylor series of the function y(x), 
me may write 
y'0) 


‘ ant 0 
y(x) = y(0)+ y’(0)x+ 7 x4 xt eds 


The values y(0) = 1, y’(0) = Oare known by hypothesis. The values 
of other derivatives obtained from the solution of y(x) at the point 
x = Ocan be found with the aid of the differential equation. From 
the equation we have y’(0) =—0-y(0) = O. Differentiating the 
equation, we obtain 

yl yt xy’ — 0, 


whence 
yO) = —y(0) =—1. 
Analogously, 
yP+2y’ +xy" = 0, yO(0) =—2y"(0) = 0, 


YO+ By” + xy” = 0, y(0) = —3y"(0) = 0, 
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YO+ AY” + xy = 0, yO) = — 4y""(0) = 4, 


Y+ (n—2)y%—D+ xy%—) = 0, yO) = — (n— 2) y"-9(0), 


Substituting the value — we get 


jae 1-4-7 
Wx) = 1 ae et. 


The obtained series converges throughout the axis uniformly and 
absolutely. 


479. y’+yex=0, yp(0)=2, y(0O)= 
480. y’ = y+ xe”, y(O) = 0. Find the first three terms of the series. 


( 


Sec. 6.11. Stability in the Sense of Lyapunov 
(See [3], Secs. 1.25 and 1.26) 


481. Investigate the trivial solution of the indicated system for 
stability with the aid of Lyapunov function: , 


FSS 7; x = 2y%— x, 
@) | * i | . 
Dame ae yu-x-yrty’; 


Remark. If there exists a function v(x, y)suchthatina sufficiently 
small neighbourhood of the origin there is a region where v> 0 
and v= 0 ona part of the boundary of the region (v> 0) and 
ae se ce ate o > 0 in the region v> 0, then the stationary 
point is unstable (Cetaev’s Instability theorem). 

482. Investigate the trivial solution for stability in the following 


systems with a symmetric matrix: 


—2 ; —2y, = 3y, 
@ {oo x+y {> = x—2y Cr ian x+-3y 


= X-Y; —2x+4y; yp = 3x+ 8y. 
483. Investigate the given systems for stability: 
= 3X; X= x+3y, 5 te 
oft “te @ftze 
y= 2x+y; = —6x—5y; y= 2x--y; 


xX = —2x—5y, x=x4+y, 
@{* a ” (e) a 
y = 2x+2y; 
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MULTIPLE INTEGRALS 
(See [3], Chapter 2) 


Sec. 7.1. Integrals Depending on a parameter 
(See [3], Sec. 2.4) 


484. Find the domain of definition of the function 


sin xy 


F(x) = ie dy 


(i.e. the set of values of x where the integral exists). 


Investigate the given function for continuity and differentiabi- 
lity. 


485. Proceeding from the equality 
| dx 1 b 
—--~, = —— arc tan -—-, 
a a 


evaluate the integral 
b 


i} | dx | 

(x? +42)? * 
0 

486. Compute the derivative F’(x) if 


(a) F(x) = [ e-*dy; (b) F(x) = f 252 dy («> 0); 
0 


(c) F(x) = | S+x, y—») dy, 
0 
where /f(u, v) is continuous together with its partial derivative /7. 


487. Find the integral of the function F(x) on [0, 1] if 


x 


1 1 
(a) F(x) = | (v—2x)dy; (b) F(x) = | (x+y) ay. 


\ 
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Sec. 7.2. Multiple Integrals 
(See [3], Secs. 2.1-2.5) 


In Problems 488 to 490 compute the given double integrals. 


dx dy = <y< 
488. Ne where D= {3<x<4, |l=<y <2}. 


Y olauan 


489. JJ (x+2y) dx dy, where D= a een 


cana! 


490. r*sin*gdrdp, where D= 
JJ —n/2 =p <x/2 


In Problems 491 to 495 draw the range of integration and change 
the order of integration of the given double integrals. 
2 2—y 


491, J= | a ‘ I(x, y) dx. 
—6 (y?—4)/4 
3 2x 
492. [= | dx J f(x, y) dy. 
0 x/3 
2 x 1 x2 
493. [= [ ax [ fG. y)dy. 494, [= | ax | se, y) dy. 
1 V/x 0 x4 


vi VE 
495, [= | dy | f(x, y)dx. 
0 y2/2c2 
In Problems 496 and 497 change the order of integration and 
evaluate the double integral. 


x 2—-x 


1 2 
496. [= | ax [ (x+y*) dy+ | dx | (v+ y*) dy. 
0 1 0 


4 


0 


1 x 
497. [= | dx | xy" dy. 
0 x2 
In Problems 498 to 500 evaluate the given triple integrals. 
a 7) c 1 x y 
498. | dx | dy | (xty+z)dz. 499. [ dx | dy | xyz dz. 
0 0 0 0 


0 0 
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4 
500. | dz | | xyz dx dy, D= {?+y?<4, x>0, y>O}., 
0 OD 


501. Set the limits of integration in the triple integral 
[[ [ £@. », 2) dx dy de, 
V 


where 

(a) V is acommon part of the paraboloid 2az => x?+ y? and the 
sphere x?+ y?+ 22 <3a? (a> 0). 

(b) V is acommon part of the spheres x?+ y?+ z? = R’, x?+ y?+ 
+27 =< 2Rz. 


Sec. 7.3. Change of Variables in a Multiple Integral 
(See [3], Secs. 2.6-2.10) 


502. Passing to polar coordinates, evaluate the double integral 


{f \/@— x2— y® dx dy, 


S 


where S = {x?+y? <a’, y > O}. 
503. Compute the triple integral 


2 2 2 
I= eh (+545) dx dy dz, 
4 
; : 7 x? pt 2? 
where V is an ellipsoid ioe ae 1. 


504. Compute the double integral 
a Vat x2 


| ax | a/ x2+ y? dy. 
0 0 


505. Compute the double integral 


: ; x? y? 
where § is an ellipse = ta = 1. 
506. Passing to spherical coordinates, evaluate 


{ff A/ x2+ y2+ 22 dx dy dz, 
V 


where V is a sphere of radius R with centre at the origin. 
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507. Passing to cylindrical coordinates, evaluate the integral 
2 
I= | dx { dy | zVxe+y* dz, 
0 


508. Compute the double integral 
il (x2-+ yp?) 4/ R2— x2— y? dx dy, 


S 


where S is a circle of radius R with centre at the origin. 


Sec. 7.4. Application of Multiple Integrals 
(See [3], Secs. 2.11 and 2.12) 


509. Compute the area of the figure bounded by the parabolas 
y? = 10x+25 and y? =—6x+9 and make the relevant drawing. 


510. Draw the body whose volume is expressed by the double 
integral 
1—x 


1 
[ ax | (1 —x-—y) dy, 
0 0 


and compute its volume V. 


511. Find the volume V of the solid bounded by the cylinder 
x?+ 22 = a? and the planes y = 0, z = 0, y = x. Make the relevant 
drawing. 


512. Compute the volume V of the part of the cylinder x°+ y? = 
= 2ax enclosed between the paraboloid x?+y? = 2az and the 
plane z = 0. Make the relevant drawing. 


513. Find the area of the portion of the plane 
Sa ee ee 
Paes ee == I, 


located in the first octant (x > 0, y > 0, z > 0). 


514. Find th surface area of the part of the sphere x17+ y?+ 2? = 
= a cut away by the elliptical cylinder 


2 2 
=ty=1 (<4). 
515. Find the centre of gravity of the upper half of the ellipse 
p={2,42,<1, y=0 
= {25 + in ed \ 


filled with mass of density g = 1. 


Bs GET INOUE ov 


516. Find the volume: 
(a) of the solid generated by revolving a half of the ellipse D 
(see Problem 515) about the x-axis; 
: : 2 2 2 
(b) of the ellipsoid —_ +45 ee i 1. 


517. In the hemisphere 
Q= '+y4+2<a, z=0} 
the density of distribution of masses is proportional to the distance 


of a point from the centre of the sphere: 0(x, y, Z) = ¢ 1/2? +y2+2. 
Find the centre of gravity of this solid. 


518. Find the centre of gravity of the homogeneous figure shown 
in Fig. 21: 
S= {0<y<4-x,, -2<x <2}. 
519. Find the volume of the solid generated by rotating the 


curvilinear trapezoid S (see the preceding problem) about the 
x-axis. 


520. Find the moment of inertia of a homogeneous cylinder 
(whose altitude is h and the radius of the base is a) about the axis 
which serves as the diameter of the base of the cylinder. 


Fig. 21. Fig. 22. 


Solution. Let the z-axis be directed along the axis of the cylinder, 
the base of the cylinder be found in the plane z = 0, and let the 
centre of the base coincide with the origin. We shall seek for the 
moment of inertia about the y-axis (i.e. about the planes x = 0, 
z= 0) (Fig. 22): 


12) = | (x?+ z?) dx dy dz, 
G 
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where G is the cylinder under consideration. Computing the inte- 
gral, we obtain 


a J/ a?—x? h 
12» = [ ax | a ernie 
aa —V/at—x? 


= an Ves (24) dx = (x = asin ft) = 
0 


n/2 


; 2 
4a°h i cos? (a? sin? t+ 5) dt = 
0 


3 
0 0 


n/2 n/2 
Aah at { 108" may Pe <{ ts 2t a = = 7 (3a?+-4h2). 


Sec. 7.5. Improper Integrals 
(See [3], Sec. 2.13) 


521. Compute the following integrals: 
dx __dxdy _ dxdy . 
@ f j (Fx? ? (0) j j 1+x?+y? ’ 


(c) | i xy exp (— x?— y”) dx dy. 
0 90 


In Problems 522 and 523 compute the given integrals by differen- 
tiation with respect to a parameter: 


1— 


sa. [ "dx=F(y) (y=—1). 


1-e* 
523. | —5— dx = F(y) (y>0). 
0 


524. Using the equality 


1 
[ dx == (y>-—1), 
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evaluate the integral 
1 


a— yf 
f= dx (P>-1, «>-—1). 
0 g 


525. Investigate for convergence the improper integral] 


| [ In \/x?+y2 dx dy, 
Ss 
where S is a circle x?+ y? <1. 
526. Investigate the indicated integrals for uniform conver- 
gence: 


oo 


(a) F(y)= | FSrdx (—o<y<); 
0 


oo 


(b) F(y) = { V/yexp(—ye)dv (0 =y -< 0). 


0 


Chapter 8 


VECTOR ANALYSIS 
(See [3], Chapter 3) 


Sec. 8.1. Line Integrals of the First Kind 
(See [3], Sec. 3.2) 


In Problems 527 to 532 evaluate the given line integrals: 
527. | = , where I" is a segment of the straight line connect- 


r 
ing the points A = (0, —2) and B = (4, 0). 
528. | xy ds, where I’ is the contour of the triangle with vertices 


A= (-1,0), B= (1,0), C = (0,1). 


Solution. The equation of the straight 

line AB: y= 0; of the straight line 

CAl BC: x+y= 1; of the straight line 
AC: y—x = 1 (Fig. 23). 


=| 0 ae: xy ds = 0; 
Fig. 23. aa 


| =» ds = [xy ds = fxa—» v2 dx = /2/6; 
BC 


CB 0 


”“ 


| >» ds = | ds = fxa+9 v2 dx =—1/2/6; 


CA AC met 
| xy ds = fost + Aiesge + J...=012 = 
s AB BC CA 


529. { xy ds, where I" is the contour of the rectangle with ver- 
r 


tices A = (0,0), B = (4, 0), C = (4,2), D = (0, 2). 
530. | xy ds, where I’ is the part of an ellipse found in the first 
r 


drant: *-4+2,= 1, x=0,y=0 
quadrant: ate = 1, x2=U0,y=0. 
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531. | yds, where I’ is the part of the parabola y = 2 4/x, 
r 
situated in the upper half-plane 0 = x <1. 
532. | (x—y) ds, where J” is the circle: x2+ y? = 2ax. 
i 


533. Find the mass m of the portion of the ellipse x = acos /, 
y = bsint situated in the first quadrant if the density at each of 
its points is equal to the ordinate of this point. 


534. Find the area S of the lateral surface of the parabolic 
eer y= = x8 bounded by the planes z= 0, x= 0, z=-x, 

= 6, 

ee Geometrically, the line integral 


| £0s y) ds, 
J 


where f(x, y) = 0, can be in- 
terpreted as the area of a 
cylindrical surface with gener- 
atrix parallel to the z-axis 
whose base is the contour of 
integration J’ and whose alti- 
tudes are equal to the values 
of the function f(x, y). There- 
fore the desired area (see 
Fig. 24) 


S= | xds, 
r 
where I’ is part of the parabola y = es x? (0 <x <4). Computing, 


we obtain 
4 4 


= fever} dx = - 12 | V 16+ 9s" 416+ 95% 


_ / 
is _ (16+ 9x se] 


_535. Compute the area of the lateral surface of a circular 
cylinder found under the first turn of the helical line x = acost, 
y=asint, z= bt (0 <t <2z) and above the plane z = 0. 
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536. Find the coordinates of the centre of gravity of a homoge- 
neous half-arch of the cycloid x = a(t—sin ?t), y = a(1 — cos”) 
(0 <t <2). 
537. Find the moment of intertia about the z-axis (that is, with 
respect to the planes x = 0, y = 0) of the first turn I’ of the helical 
line x = acost, y= asint,z = bt (O=t <2n). 


Sec. 8.2. Integral of a Vector Along a Curve 
(See [3], Sec. 3.3) 


538. Evaluate the line integral of the second kind é 
| (y? dx+ x? dy), 
r 


where I" is the upper half of the ellipse 
x=acost, y= bsin t traced clockwise 
(Fig. 25). 


Solution. When a point moves along 
the curve J" in the indicated direction, 
the parameter ¢ changes from z to 0. 


Fig. 25. 


Therefore 


{ (y? dx+ x? dy) 
r 
0 
= i [b? sin? ¢(— a sin t)+ a? cos? t-b cos t] dt 
= ab i [b sin? t—a cos? t] dt 
0 


= a|—| b(1—cos? t)d cos t—{ a(1—sin? ft)d sin | = + ab”. 
0 0 


539. Compute 
i x dy, 
r 


where I" is the contour of the triangle formed by the coordinate 
axes and the straight line x+y = 2 traversed in the positive direc- 
tion (i.e. anticlockwise). 
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OI 


540. Compute the value of the integral 
| (y? dx+ x* dy), 
r 


where: (a) "is the arc of the parabola y = 4— x? found in the upper 
half-plane and traversed clockwise; (b) /' is the polygonal line 
connecting the points (— 2, 0), (0, 4), (2, 0); (c) J’ is the segment 
[—2, 2] of the x-axis. 

541. Evaluate the integral 


| (x dy+y dx), 


s (1,1) 
where (a) /' is an arc of the parabola 
y = x, (b) I’ is a segment of a straight 
line, (c) "is the arc of the parabola y = x? 
connecting the points (0, 0) and (1, 1) in 0 
the direction indicated by the arrows (see 
Fig. 26). Fig. 26. 


Sec. 8.3. Potential. The Curl of a Vector 
(See [3], Sec. 3.4) 


542. Find the gradient of the function 
u= x?+2y?4+ 327+ xy— 6z. 

543. At what points in space is the gradient of the field 
u= x3+ y3+ 2—3xyz 


(a) perpendicular to the z-axis? (b) equal to zero? 

544. Find the curl of the vector a = {x, y, z}, i.e. the radius 
vector, of the point (x, y, 2). 

545. Find the curl of the vector a = {z+ , x, y}. 

546. Find out whether the vectors (a) a = i+ y*j+ 27k, (b) a= 
= yzi+xzj+xyk, (c) a = zi+-xzj+xyk have a potential in the 
entire space R3. 

547. Find the potential function for the vector a = {x?, y?, z?} 
in the space Rs. 


Solution. The curl of the vector a is equal to zero in R3. Besides, 
the space Rs represents a simply connected domain. Therefore the 
vector a has a potential which is found by the formula 


U(x, ¥; Zz) = {( dx+-Q dy+R dz), 
= 
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where for the curve /’ we may 
take the polygonal line (Fig. 27) 
connecting the points (0, 0, 0), (x, 
0, 0), (x, y, 0), (x, y, Zz). In this 
case the integral of the second 
kind is independent of the inte- 
gration path. Computing, we find 


(xX; y,Z) 


U(x, y, 2) = ~~ OP +y2+2%), 


Fig. 27. 


Sec. 8.4. Exact Differential Equations 
of First Order 
(See [3], Sec. 3.5) 


548. Which of the given equations are exact differential equa- 
tions: 


(a) (2x+3y) dx+(3x—4y) dy = 0, 
(b) a2? =0, (c) Q—y) dx+xdy = 07 


v= 


In Problems 549 to 555 solve the given equations: 
549, (2x+3x°y) dx+ (x°—3y") dy = 0. 

§50. 2xy dx+(x?—y") dy = 0. 

551. e—” dx—(2y+xe-”) dy = 0. 

552, tI" dy 24 dy = 0. 


553. yz dx+ xz dy+xy dz= 0. 
554. (x+ 2) dy+(y+z) dx+(x+ y) dz = 0. 
555. 2xy dx+(x?+ 2?) dy+2yz dz = 0. 


Sec. 8.5. Green’s Formula 
(See [3], Sec. 3.7) 


In Problems 556 and 557 transform the given line integrals 
about closed (positive oriented) contours f° into double integrals 
over the regions £2 bounded by these contours: 


556. | ((1— x®)y dx+x(1+y®) dy). 
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\ 


557. | ((e*” + 2x cos y) dx+ (e*” — x* sin y) dy). 
P i 
558. Evaluate | ((xy+ x+y) dx+(xy+x—y) dy), where I’ is 
r 


line = 
the ellipse Et BR ]. 


559. Compute the difference between the integrals 
h= | (ety)? dx- (xy? dy), 


rr 


In= | (x+y) dx—(x—yf? dy), 


where I’; isan arcof the parabola y = x?, and J’. is the line segment 
joining the points (0, 0), (1, 1). 
560. Evaluate the integral 


(— x*y dx+ xy? dy), 
_ 


where I’ is a positive oriented circle x2+ y? = R?. 


561. Find the area of the figure 2 
bounded by the astroid (Fig. 28): 
x = acos*t, y = asin’ ¢. 

562. Show that the work done 
by the force a = {2xy, x} in dis- 
placing a point of mass m depends 
only on its initial and final positions 
and is independent of the shape of 
the path. Compute the work A done 
by the force when displacing the 
given point from the position (1, 1) 
to (2, 5). 


Sec. 8.6. Surface Integral of the First Kind 
(See [3], Secs. 2.11 and 3.8) 


563. If a surface is represented parametrically 
x= x(u,v) y= y(u,v), 2Z= Zu, v) 
or’ in vector form 
r(u, v) = x(u, v)it+ y(u, v)j+2z(u, v)k, 
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where (u, v) € 2 and the functions x, y, z have continuous partial 
derivatives on the closure of 92, then the area S of this surface is 
expressed by the double integral 


S= || VEG—Fdu do = | | V/[taP [ro PCa Fo du do, 
Q Q 


where 
= a rent 9 Oy 2 Oz 2 


o= ln = +(e), 


~ _ Ox Ox | Oy Oy , Oz Oz 
B= (tw to) = ay Sot du Bo Su By" 


Indeed, as we know (see [3], Sec. 2.11), 
S= | |tuxr,| dude, 
Q 


but 
i jk 
or Oy 
rXly =| Ou ou dul, 
oS oy 
Ov Ov dOv 
therefore 


DQ, 2)]? +[F2 x)]?_, [DG, y)]? 
Tu XPo| = a/ |Po-2| | +lae v) a v)} ° 

Expanding the Jacobians under the radical sign, squaring them 
and performing all necessary algebraic transformations, we obtain 
the sought-for formula. 

This formula for computing an area is convenient in a number of 
cases, particularly, when the vectors r, and r, are orthogonal 
(rus Fv) = 0). 


In this case 


S = if Ir, |-|ry| du dv. 
Q 


Find the area of the surface: 
x=ucosv, y=usinv, z= 4, 


Osu <3, Os<vsz. 
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In the present case 
r, = (cos ¥, sinv, 0), ry, = (—usin v, ucos v, 4); 
(r,,%)=0, |rJ?= 1, |ry|? = 16+. 


Therefore 


S = ial 1. 4/16+u2 du dv = f ae [ Viera de 
92 0 0 


3 
=m f V16+i du = a[ 5 9/164 2+ 8 In (ut Vi6-+u)| 
0 
0 
. 
= = (5+ 16 In). 
564. Evaluate { (x*+ y”) ds, where S is a sphere x°+ y?7+z? = a. 
s 


565. Find the mass of the portion of the sphere x?+ y?+ 2? = @ 
found in the first octant (x = 0, y = 0, z = 0) if the density of mass 


distribution over the sphere is equal to +/x?+ y’. 


566. Compute i z dS, where S is part of the surface of the heli- 


; S 
coid 


x=ucosv, y=usinv, z=v (0O<u<a,0<v =2n). 


Sec. 8.7. A Vector Flux Through an Oriented Surface 
(Surface Integral of the Second Kind) 
(See [3], Sec. 3.12) 


The flux of the vector a = (P, Q, R) through an oriented surface 
S* 


| (a, dS*) = | (a, n) dS 
- | (P cos (n, x)+Q cos (n, y) + Rcos (n, z)) dS 
S 


is equal to the surface integral of the first kind of the scalar product 
(a, n), where n is the unit normal defining the orientation of S*. 
If a surface is given by the equation 


r(u, v) = x(u, v)it+ y(u, v)j+z(u, vk ((u, v) € 2), 
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then 


dS = |r, Xr,y|dudv, n=+ ucts 


— 9 
lr, X<ry| 


therefore 


[ @ dst) =+ [ (ar X1) du dv. 
S* Q 


Hence it is seen that to the different sides of the surface S there 
respond the surface integrals of the second kind of the vector a 
differing in sign. 

If the surface S is defined by an implicit equation F(x, y, z) = 0, 
then the direction cosines of the normal are determined by the 
formulas 

OF _ OF _ OF 

cos (n, x) = 5 [D, cos (n, y) = | D Cos (n, Z) = 35 |D> 

where 
D=+|grad F| =+\/F2+ F2+ F?. 


The sign before the radical must be made consistent with the 
appropriate side of the surface S. 

Surface integral of the second kind is also designated by the 
symbol 


{ (a, dS*) = | (P dy dz+O dx dz+R dx dy). 
S* S* 


7 


This notation is suitable for the case of explicit representation of a 
surface. If the surface S is simultaneously defined by the equations 


x=fily, Zz), (y, 2) € 21; 
y = fr(x, z), (x, z)E Qe; 
z= falx,¥),  (% YE Bs, 

then 

| (Pdy dz+Q dx dz+R dx dy) 

- 


=+ [ PLAC, 2), », 2) dy dzt | | O(x, fal, 2), 2) dx dz 
Qy Qe 


+ | | R(x, y; Fa, y)) dx dy, 


$23 
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where sign (plus or minus) is taken depending on orientation of the 
surface (for instance, the first integral is taken with the plus or 
minus sign depending on what angle (acute or obtuse) is formed by 
the normal to S with the x-axis). 


567. Compute | z dx dy, where S* is the exterior side of the 
S* 
: < ee 2 2 
enipsele St+Ets = j, 


Solution. Method 1. The surface S is given by the explicit equa- 


tion 
a_i eo 
z=tea/1-%-%. 


The cosine of the acute angle formed by the outward normal with 
the z-axis for the upper half of the ellipsoid is determined by the 


formula 
cos (n, z) = 1/+/ 1+ 22+ 25 


(and the lower half must be taken with the minus sign). Therefore 
we take the plus sign in the corresponding formula for the upper 
half ST of the ellipsoid: 


ar ee 
| zdx dy = [| c4/1-*7-45 dxdy. 
St 2 
Analogically, for the lower half S3: 


| z dx dy =—[f-ca/fi-4-3 dx dy 
Q 


st 


Thus, 
| z dx dy = 2c |{4/1-4-3 dx dy, 
S* Q 


where 22 = {> + “a 


<= 1}. Computing the last integral, we obtain 
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Method 2. Let us pass to parametric representation of the ellip- 
soid: 

y 

z= csin u, 


bcosusinv, A= 


nT 
2 aie. 


Here 
r, = {—asin ucosv, —bsin usin v, ccosu}, 
ry = {—acos usin », bcos ucos v, O}. 


In the right-handed system of coordinates the outward normal to 
the ellipsoid is determined by the equality 


r, XI, 

Ir, Xr] 

For example, let us take the point x = a, 
y =0, z= 0 on the ellipsoid. This point 
corresponds to the parameters u = v = 0. 
At this point r, = {0, 0, c}, ry = {0, b, 0} 
(Fig. 29). The vector product r, Xr, to- 
gether with the vectors r, and r, must form 
a right-handed triple (that is, be oriented in 
the same way as the coordinate system), 
le. the vector r, Xr, Is in the direction 


Fig. 29. of the negative x-axis (see Fig. 29). 
Hence, 
[2 dx dy = —| J (a, r, XT,)dudv 
s¢ A 
ax ay 
= D(x, y) = Ou Ou 
= Wena yy HU dv = [fz ax By du dv 
A A Sa. eS 
Ov ov 


= abc i | sin? ucos u du dv = 2nabc | sin? ucos u du 
74 | —2/2 
n/2 


= 4nabc | sin? ud sinu = 4 mabe. 
0 
568. Compute 
| (2 dy dz+y? dx dz+ 2 dx dy), 
S* 


where S* is the outer side of the hemisphere x?+y?+2? = a? 
(z = 0). 
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569. Compute 


| (yz dy dz+ xz dx dz+ xy dx dy), 


S* 


where S* is the outer side of the te- 
trahedron bounded by the planes 
x=0, y=0, z=0, x+y+Z=a 
(Fig. 30). 


Fig. 30. 


Sec. 8.8. Gauss-Ostrogradski Formula 
(See [3], Sec. 3.13) 


570. Find the divergence of the vector a = (x°, y°, z°). 

571. Find the divergence of the vector a = f ()—, where r = 
= |r|, r = xi+yj+ zk, fis a differentiable function. 

572. Let u = x?+y?4+2?. Find div (grad w). 


573. Compute curla if: (a) a= r, (b) a= f(r)c, where c = cii+ 
+ coj+c3k is a constant vector, r = |r| = |xi+yj+ zk|. 


574. Using the Ostrogradski-Gauss formula 
[ [| div a ae = {@ n) dS, 
G S 


where n is the unit vector of the outward normal to the surface S 
which is the boundary of the solid G, transform the following sur- 
face integrals of the second kind: 


(a) | (xy dx dy+yz dy dz+ xz dx dz); 
S 
(b) J (x? dy dz+ y" dx dz+2* dx dy); 


Cos &@ Cos Zz COS 
a etpytpzt +y? +22 


(d) | (= Cos ats =— COS p+s — ~ COS 7) dS. 


In pbiec 575 to 577 evaluate the indicated surface integrals 
with the aid of the Ostrogradski-Gauss formula. 
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{ (x dy dz+y dx dz+z dx dy), 
S 
where S is the outer side of the pyramid bounded by the planes 
x=0,y=0,z7z=0,x+y4+z= 1. 
576. | z? dx dy, where S is the outer side of the ellipsoid 
: y” re 2? _ 1 
ae BP! 


577. | z4dx dy, where S is the outer side of the ellipsoid from 


+ 


s 
Problem 576. 


Sec. 8.9. Stokes’ Formula 
(See [3], Sec. 3.15) 


Stokes’ formula, establishing relation between the circulation of 
the vector a = (P, QO, R) around a contour I’ and the flux of the 
vector curl a through an oriented surface S* (with the rim I’), can 
be written in the following expanded form: 


{ (a de) = { (P dx+Q dy+R dz) 
r r 


cosa cosf cosy 


re) 0 0 
= { ae ea ae dS = | (n, curl a) dS, 
s Ss 

P O R 


where cos «, cos f, cos y are the direction cosines of the normal n 
to the surface S. The contour J’ is oriented in accordance with the 
orientation of S* (Fig. 31). 


Z 5 ‘ 


ig. 31. 
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ee 


578. Applying Stokes’ formula, compute the line integral (circu- 
lation) 


{ (y dx+zdy+x dz), 
r 


where I" is a circle x?+y?+z? = b’, x+y+z= 0 traced anti- 
clockwise when viewed from the side of the positive x-axis. 


Solution. This tracing of the contour I" corresponds to the ori- 
entation of the piece of the plane x+y+z = 0 lying inside the 
sphere x?+ y?+ 2? = b? by the normal directed upward to the right 
(as is shown in Fig. 32): 


cos « = cos B = cosy = 1/+/3 
(F(x, y,z) = xty+z=0, FL = F, = FL=1, |grad F| = +/3). 
In this case for the vector a: P = y, QO = z, R = x, therefore 


| (dx-+zdy+ xdz) =— | (cos a+cos B+cos y) dS =—— | 4s, 
r Ss Ss 


where S is a circle of radius b lying in the plane x+y+z = 0. The 
surface integral of the first kind of a unit function is obviously 
equal to the area of she surface, therefore 


[o dx+z dy+ x dz) = — mb? = — /3nb?. 
r 


579. Compute, by Stokes’ formula and directly, the circulation 
| (@—2) dx+ (@—x) dy+ (x—y) dz), 
r 


where J’ is an ellipse: x°+y? = 1, x+ 
+z = 1 (Fig. 33) traced anticlockwise 
when viewed from the direction of the 
positive Z-axis. 


580. Using Stokes’ formula, compute 
the integral 


| (vt2) dx+(x+2) dy+(x+y) dz), 


where I is a circle: x?+y?+ 2? = B?, 
x+y+z= 0 (see Problem 578). 
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FOURIER SERIES 
AND FOURIER INTEGRAL 
(See [3], Chapter 4) 


Sec. 9.1. Trigonometric Series 
(See [3], Secs. 4.1 and 4.2) 


581. Construct the graphs of the partial sums S;(x), S2(x) of the 
series 


y cos kx 


fe 
k=1 k 


582. Show that the function 
— sin kx 


f(x) = LK k3 


is continuous and has a continuous derivative on (— ~, ). 
583. Find out at what points of the period the series 


py - kX (a> 0) 


is convergent. 
584. How many times is it possible to differentiate the series 


x sm ke 9 
k=1 


585. Find the domain of convergence of the series 


Sec. 9.2. Fourier Series 
(See [3], Secs. 4.3, 4.4, and 4.6) 


586. Expand the given function f(x) into a Fourier series with 
period 22 if 
(a)f(%)=x on (—2,7); 


(b) f(x) =“Z= on (0, 2x); 


(c) f(x) = |x 


on (-—2z,2); 
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0, -x<x <Q, 
hail 
x, O=x<W7; 
(e) f(x) = be ns ie 
O<x <9; 
(7G Scaue —M< X=; 
(g) f(x) = coshax, -m<x<14. 


587. Investigate the convergence of Fourier’s series for me perio- 
dic function 


f=} 


xX, O<x<2 


(see Problem 586, (d)). 


Solution. The given function is bounded, piecewise continuous 
and piecewise monotone on [0, 27]. At the point of discontinuity 
x = a it is not defined (see Fig. 34), 
i.e. it does not satisfy Dirichlet’s 
condition. But the value of Fourier’s 
coefficients is independent of what 
values are attained by the function 
f(x) ata particular point. Therefore, 
let us define the function f(x) at the 
point x = a, putting 


0 —0 0 
f(x) = S(a+ tLe Pass oat a 
Then the Fourier series of a function (see Problem 586, (d)) 


cos(2k+1)x ) < , sin kx 
pod Eopgeyps E coeige 


converges at all the points x € [0, 27] to the extended function, in 
particular, it converges to 7/2 at the point x = 7, 1.e. 


Ut 


2s _—— 
whence 
=} ary () (2k a 


588. Expand the indicated functions into Fourier’s series in terms 
of sines and cosines: 


(a) f(x) = x, O=x=<7; 
(by f=", O<x =z. 
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589. Expand into Fourier’s series the function f(x) with period 
2/ defined by the formula f(x) = |x| on (—J, /). 


Sec. 9.3. Orthogonal Systems of Functions 
(See [3], Secs. 4.5, 4.8 and 4.9) 


590. Find the scalar product of the functions: 
(a) f(x) = x, g(x)=sinx, OSxX<=; 
(b) f(x) = sinx, g(x)=sinx, O=<x <2/2. 
591. Find the norm 


b 1/2 
isil=(f ireareas| 


of the indicated functions f(x) (a = x = b): 

(a) f(x) = x’, 0 
(b) f(x) = cosx, 0 
(c) f(x) = e*, 0 
(d) f(x) =1-x, 0 


I 
IK 


h 
I 


ne 


IK 
Ih 


1; 
7 
I; 
1. 


xX 
x 
x 
X 


Ik 
ih 


592. Let there be given a sequence of 
functions (Fig. 35) 


1 ] 
7 n=—nitx, 0=x<I/n, 


fs) = | 


Fig. 35. . 0, I/jn=x=<=1l. 


For what « = 0 is this sequence convergent to zero in the mean? 
593. Investigate the sequence 
sin nx, O=x=n™, 
fils) = | : 
0, n-*<x<a2 
for uniform and root-mean-square convergence. 
594. Prove that the set of Legendre polynomials 


1 a 
Pi(X) = Fant Gea P— 1)" -(n = 0, 1; oe) 


is a complete set of orthogonal functions on the interval (—1, 1), 


1.€. 
1 


| P,,(x) P,.(x)dx = 0 (m#n), 


-1 
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ae ee Se 


and satisfy the condition 


[69 ax = Hae 


Solution. Note that from the definition of the Legendre 
polynomial P,,(x) it follows that tts coefficient of ..” is equal to 


(att)... Qa-WMen i, 
2°n! 


d"P(x)  (nt+1)(n +2)... 2n 
dx™ 2" 


Further, it is obvious that if k < n, then 
k 
A (2 —1)n = (x2—1)"-* AQ), 


where A(x) is a certain polynomial. Therefore for k =< n 


d* = ayy 
di OV) 


x=-b1 


Let, for the sake of definiteness, m > n. Integrating by parts n 
times, we have 


1 1 
[ Pax) Pax) dx = f PAC) A (2 1)" dx 
a, | —1 


dqd™-1} 3 
cP,(x) anni (x?— 1)" 


1 
1 ; q™-1 . 
7 | Og —1) dx 


v 


1 
(Ie f Pi) S81)" de = 
= 


.=(-l1)"c J P(x) es (x2— 1)" dx 


= (-1 yc feet i= — (x? 1)" dx 


qm-n-1 1 
= gare PI] =O, 


where 
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In a similar way, we obtain 


n! 22 


1 1 
| Paz) Pal) dx = (Dt M+)... 2n f G@-1y Ae 
ae | -—1 


(n+1)...2n[¢ 2\n , 
= 2 ee | (1a) dy. 
0 


Let us evaluate the integral 
1 


I, = fay dx, (n=0,1,...). 
0 


Obviously, Io = 1, 1, = 2/3. Integrating by parts, we obtain the 
following recurrence formula: 


2n 


I, = Intl pets 
Hence, 
fics —2-64-66...2n ent (nt)? 
1 365-7... (2n4+1) 3-5... (2n4+1) ~ (Qn)! (Qn41)° 
Thus 
1 
° . 4 (nt)... @n—1)2n 2’r(n!)? 
| Pc) dx = 2 22n 9! (2n)!(2n+1)  2n+1 ° 
1 


Sec. 9.4. Fourier Integral 
(See [3], Secs. 4.12 and 4.14) 


595. Find the cosine transform of the function 


I, 
fea) =| 5 


9 XxX => a. 


Q0O<x<4, 


596. Find the function defined on (0, -) whose cosine transform 
is equal to 
2 sin as 
nm Ss 


597. Find the cosine transform of the function 
cosx, O<x <4, 
I(x) = 0 
: x> a. 
598. Find the sine transform of the function 


I(x) = e7*/x. 
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599. Evaluate the following integrals: 


(a ) j sin xs dx (a> 0, 5> 0); 


x(a? +x?) 


(b) f e~4* sin 3x cos 2x dx; 
0 


oo 


(c) | e—8x cos 3x cos 4x dx. 
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Chapter 10 


EQUATIONS OF MATHEMATICAL PHYSICS 
| (See [3], Chapter 5) 


600. Let a function f(0) with period 27 be defined on (—2, 2) 
by the equality f(0) = ||. Construct the harmonic in the unit 
circle function generated by these boundary values, and find out at 
what rate, in the mean square, the function u(e, 0) tends to its 
boundary values f(6) for 9 — 1—0. 

601. Find the solution of the heat equation 


ae . (O—v<a, (> 0) 


for the initial condition 
u(x, O) = f(x) = a , OsN=T, 
and the boundary condition 
: u(O, t) = u(x, t) = 0. 


Estimate the integral 
nm 1/2 
A= f |u(x, )—f(x) |? tx 
0 


for t ++ 0,1.e. find out the character of convergence in the mean 
of the solution u(x, t) to f(x) as t ~ +0. 
602. Find the solution of the string-oscillation equation 
ou _ Ou 
Or «Ax? 
for the initial conditions 


u(x, 0) = f(x), SME = f(x 


(w=] 0 apo ee 


—x, a/2<x=<X, 


and for the boundary conditions 
u(O, t) = u(x, t) = 0. 
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er en 8 a 


603. Solve the equation of oscillation of an endless string 
Ou Ou 
Or ~ ax? 
for the initial conditions 


we | < 
l+x 


u(x, 0) = u,(x, 0) = 


(— © < N <oo), 


604. Let u(x, y) be a harmonic in the upper half-plane function 
attaining the values of f(x) for y = 0. Prove that if f(x) vx 
satisfies the condition 

PEtN-SWl=Lit, O<a<1, 
then 
|u(x, y)—f(x)| = cy (y > 0), 


where c is a constant independent of x and y. 

605. Find the stationary distribution of temperature u(x, y) in the 
upper half-plane and the isotherm (level line) wu = 1/2 if on the 
x-axis the temperature 

Gj ee 
Xj) 
0, |x|>/ 
is maintained. 

Hint. The function u(x, y) is harmonic in the upper half-plane. 

606. Find the temperature distribution in an endless rod if the 
initial temperature distribution was 


f(x) = exp (— x’) 


(put a = 1 in the heat equation). 
607. Prove that the Legendre polynomials y = P,(x) (see Prob- 
lem 594) satisfy the differential equation 


d 9, ay _ 
az x4) F+n(nt Dy = 0. 


Chapter 11 


FUNCTIONS OF A COMPLEX VARIABLE 
(See [3], Chapter 6; [1], Chapter 5) 


Sec. 11.1. General Concepts 
(See [1], Sec. 5.3) 


608. Find the moduli of the following complex numbers: 

(a)z= 4437; (b) z=cosa—/sina; (c) z=—24+2 vV/3i. 

609. Write in the trigonometric form the following complex 
numbers: (a) z = —1—/4/3; (b) z=—+1/24+i v2. 


610. Represent in the exponential form the following complex 
numbers : 


(a) 2=-25 (b) z= (Qz=-1-iV3; 
(d) z=sine—icosa (”/2<a <2). 
611. Compute (— 1+i 1/3)”. 


Solution. Represent the number z = — 1+/ 1/3 in the exponential 
form 


—14+i7+/3 = 2 exp (i=). 
Hence, 


(—1+7 4/3)” = 2° exp (407) = 29°, 
612. Compute: (a) (1/3—37)°;  (b) (=) - 
613. Find all the values of the radicals: 


(a) Vi-7; (b) VI. 

614. Let Re w = x, Imw= y? (w # 0). Find w, 1/w. 
615. Prove the indicated equalities: 

(a) z+Z=2Rez; (b) 2z—-z=2iImz; (c) {Z| = |z|. 
616. What curves are given by the following equations: 


(a) |z—Zo| =r, r>O; (b) |z+c|+|z—c| = 2a, a> c—real 
numbers; (c) Re(i/w)= 1/2, Im(l/w)= 1/4, w= x+2pyi; 


(d) Im z2 = 2; (e) Im (=) =|? 
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617. Find the images of points z) for the indicated mappings: 
(a)jw=2% 2z=t; (b)=w=Z/z, z= 2431. 


618. Into what curve is the circle |z} = 1/2 mapped with the 
aid of the function w = z?? 


Solution..We have Rew = x?—y?, Imw = 2xy. Eliminating x 

and y form the system 

u= x2—y?, 

v = 2xy, 
we obtain 

w+? = (2+y2)? = 4, 

le. this is a circle of radius 2 with centre at the origin in the uv- 
plane (in the w-plane). Note that the circle |w| = 2 is described 
twice when the point z traverses the complete circle |z| = ~/2, 
since 


Arg w = 2 Arg z+ 2kz. 


The present problem can also be solved by applying another 
technique. The equation of the circle |z| = 1/2 may be written in 


the form 7 
z= V/2e!”, 

where 0 < 9 < 2z. Therefore 

w= 22 = (+/2ei#)” = ei, 
Hence it follows that the circle |z| = 4/2 goes into the circle 
|w| = 2 in the mapping w = 2?, the circle |w| = 2 being described 
twice when the point z traverses the circle |z| = +/2 once in the 
positive directidn (anticlockwise). 


619. Find out on what lines of the w-plane the following curves 
in the z-plane are mapped with the aid of the function w = 1/z: 


(a) |z} = 1/2; (b) argz=a2/4, (c) Rez=0. 


Sec. 11.2. Limit of a Function. Derivatives 
(See [3], Secs. 6.1 and 6.2) 


620. Find the limit of the function w = Z at the point z = /. 

421. Find out whether the limit of the function w = Z/z exists at 
the point O = (0, 0). 

622. Will the function w = Re z be continuous in the z-plane? 
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623. Which of the following functions have a derivative: 
(a)w= 2%, (b)w=Rez, (c)w=2Z; (d)w=2z-Z? 
624. Find the modulus of expansion and the angle of rotation at 
the point Z) = 0 in the mapping w = sin z. 
625. At what points is the mapping w = f(z) conformal: 


(a) w= 23; (b)w=cosz; (Cc) w= ze?? 


Sec. 11.3. Cauchy-Riemann Conditions. Harmonic Functions 
(See [3], Secs. 6.3 and 6.4) 


626. Find out which of the given functions are analytic: 
(a) w= ze?; (b) w= 222; (c) w=sin3z; (d) w=cosh2z. 
627. Restore the analytic function f(z) = u+iv by its known real 
part u(x, y): 
(a)u= x—-y+2x; (b) u= y+ xy; 
(c)u=rypcosgt+rlinrsing (z= re'?). 
628. Find all the harmonic functions of the form u = g(x?+ y?). 
Solution. We have 
ued = Axe (2+ y+ 2p'OX"+-y°), 
Uys = Ay?p'(x?+ y?) + 2p'(x° + y’), 
whence 
Au = 4(x?+ y?) p(x? + y2)+ 4y’(x2+4+ yp’). 


Thus, in order for the function u to be harmonic (4u = 0), the 
following equality must be fulfilled: 


(x?+ y?) pF + y*)+ 9'(x?+ y?) = 0. 
Setting x2+ y? = ¢, we obtain 
p(t) _ | ding’@) _ I 


—_ ---— ——— —= 


p(t) ¢°? dt i 
g()=C/t, gt) =Cint+C,. 
Hence, the harmonic functions have the form 
u=Cln(0?+y)4+Ci, 
where C and C, are arbitrary constants. 
629. Find all the harmonic functions of the form u = ¢p(y/x). 
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Sec. 11.4. Simplest Conformal Mappings 
(See [3], Secs. 6.2 and 6.15) 


630. Find the conformal mapping transforming the upper half- 
plane onto itself. 

631. Map the unit circle |z| < 1 onto the upper half-plane so 
that the points z; = —/, z2= 1, z3 =7 go into the respective 
points w; = —1, W2 = 0, w3 = 1. 


Solution. The desired mapping is realized by the linear-fractional 
function 


w+l 14+) — z4i iti _ i(—z) 
WoO! 120 eel ye OO ee 
The inverse function 
one 
_ w+ 


maps the upper half-plane onto the unit circle so that w, go into 
Zk (k = 1, Z: 3). 

632. Map conformally the angle 0 < g < 2/4 onto the upper 
half-plane (Fig. 36). 

633. Map conformally the strip 0 = y < z: (a) onto the upper 
half-plane; (b) onto the entire plane. 

634. Map the vertical strip 0 < x <2/4 onto the unit circle 
|w| <1 (Fig. 37). 


Fig. 36. 


@) 


big. 37. 
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Solution. Let us turn the vertical strip into a horizontal one. 
To this end, let us perform a rotation through z/2 which is realized 
by the function 


pee (i>) =" 
= Z exp ay = 12. 


In the plane z* = x*+/y* we obtain a horizontal strip 0 <= y* = 7/4. 
Let us expand this strip fourfold: 


Zz’ = 4z* = 4iz. 


In the plane z’ we obtain a horizontal strip 0 = y’ =z. We then 
map this strip onto the upper half-plane with the aid of the expo- 


nential function 
2’ = eF = efiz, 


Finally, we map this half-plane onto the unit circle |w| < 1, for 
instance, with the aid of the function from Problem 631: 


4+ 


_ i=2"" _ t—exp (4iz) 
— gag j+exp (4iz) ° 


635. Find the entire linear function which maps the triangle with 
vertices at the points 0, J, / in the z-plane onto a triangle with res- 
pective vertices 1+/7, 0, 2 in the w-plane. 

636. Find the conformal mapping of the circle |z| < 5 onto the 
circle |w| < 1 so that the points 5, 4+3/, —5 go into the points 
1,7, —1. 


Sec. 11.5. Integration of Functions 
of a Complex Variable 
(See [3], Sec. 6.6) 


637. Compute the integral 
[ (+#-22) dz 
C 
along the lines connecting the points z; = 0, zz = 1+/: (a) along 


a straight line; (b) along the parabola y = x”; (c) along a polygonal 
line 2123Z2 where Z3 = 1 (Fig. 38). 


z=1+i au 


638. Evaluate | z cosh z dz. 

6 

m(1+7) 
639. Evaluate { z cosh z dz. 
Fig. 38. 0 


z,=1 x 


Ch. 11. Functions of Complex Variable - 113 


If a function f(z) is analytic in a simply connected domain D, 
then the function 


Fe) = [fa 


is also analytic in D, and 
F’(z) = f(z). 
Indeed, 


F(2) = lim Pern F®) = Ii ef f(® dé 


z+h zt+h 


= lim 3, J Lf (z)+n(8)] dé = f(z)+ lim = J n(é) dé = f(2), 


where 7(£) — 0 as & — z, since fis continuous at the point z. For 
small h, |7(€)| < «, therefore for such h 


zt+h 


a 


It is understood here that integration is performed along the 
straight line connecting the points z and z+h. We are allowed to 
proceed so, since f(z) is analytic and, consequently, the integral is 
independent of the path of integration. 

Thus, we have proved that F’(z) = f(z). The function F(z) ts 
called the antiderivative (or primitive) for f(z). 

The same as in the case of a real variable, we can establish that 
two arbitrary antiderivatives for the function f(z) differ by a cons- 
tant term. 

Hence it follows that if ®(z) is an antiderivative for f(z), then 


zt+h 


« f m@) de 


Zz 


€ 
~ Thy 


| /© 4& = G@)—G) 


which is known as the Newton-Leibniz formula. 
640. Using the Newton-Leibniz formula, compute the indicated 
integrals: 
| 2+7 i 
(aj | (322422) dz; (b) | z sin zdz, 
0 


1-i 
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Sec. 11.6. Cauchy’s Integral Formula 
(See [3], Secs. 6.7 and 6.8) 


We know that if f(z) is analytic in a domain D bounded by 
a piecewise smooth contour C, then there takes place Cauchy’s 
integral formula 
1 pf@)dé 


I@Q=55 J) ea, ECP). (1) 
C 
641. Evaluate the integral 
re f exp (27) dz 


z*—6zZ 


9 


if: (a)C: |z—2| = 1; (b)-C: |z| = 1; (©) C: |z—6| = 1 (Fig. 39). 
642. Compute the integrals: 
(a) | exp (z*) dz . (b) f exp (z) dz 


2(z+1) 2(z+1) ° 
|z—1|=3/2 |z+1|=1/2 


Fig. 39. 


643. Evaluate the integral 
f= { sin 1z As 


(27-1)? 
|z—1|=1 
: : : sinaz . ; : 
Solution. The function f(z) = Gan? § analytic on the circle 


|z—1| <1 (Fig. 40). Therefore, using the formula 
{(z) = mp _S@)dz (2) 


2nt J (z—-Z,)"'! 
Cc 


for n = 1, where C is the circle |z—1| = 1, we obtain 


= sinmz dz _ ,._./sinnz\’ 
I= f +1? G1 ~ 2a (FF) 


z=1 
|z—Ll|= 
: +1) cos 2z—2 sin 2z aE a 
S97 oe eee =-2m7_~ =->. 
(z +1)8 z=1 ami 4 2 
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644, Evaluate the integral J round the circle |z| = 2 


: I cosh z dz 


~ (z+)? (z—]) * 
|z|=2 


Hint. Construct the contours C, and C2 incorporating, respec- 


tively, the points z=—1 and z= 1 and lying inside the circle 
|z]} = 2. Then | ee ae + ieee and then apply 
Ci Co 


|z|=2 
formulas (1) and (2). 


Sec. 11.7. Series in a Complex Domain 
(See [3], Secs. 6.9 and 6.10) 


In Problems 645 to 651 find the radius R of convergence of the 
indicated series: - 
g-ktl 


ki ° 


645. =. 646. SKE zk, 647. (1 
k=0 ~~ k=0 k=0 


fo =) % ao coo . 
648. Y (—1)* atk 649. Y (—1)kz*. 650. ¥ einz”. 
k=0 k=0 n=0 


oo 


651. >) (n+/z". 


n=0 
In Problems 652 and 653 expand the given function in a Taylor’s 
series in the neighbourhood of z = 0: 


1 1 
652. (1 +z)? e 653. (1 +z) (z—2) ° 


654. Expand the function f(z) = SaoE in powers of (z—3). 
Solution. Transform the given function in the following way: 
1 1 1 1 1 


5422 5+2(z—-3 +3) 11-12-3)~ 11 va (3) 
Substituting in the expansion 
I ° n 
= I—z+2°— ... +(—1)"2"4+ ... 
a (z—3) for z, we get 
1 - 1 2 2 9 
«see =e Te-D+jpPE-3— «+f 


eee 


22 
Gi (2—3)+- 55 (2-3— ... 
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The last series converges for 
2 11 
71773! <1, or |z-—3|< 5: 
Hence, the radius of its convergence R = 11/2. 
655. Expand the function f(z) = 1/(3—2z) in powers of (z—3). 
656. Determine the domain of convergence of the given series: 


w OV 24+iV2)" ee 
(a) Py ng ee AD) >» 4G@aly* 
657. Expand the function f(z) = exes in Laurent’s series 


in powers of z in the following domains: (a) 0 < |z| < 1; 
(b) 1 = |z| =< 2; (c) |z| > 2. 
658. Expand the function 


I 
f(z) = (2-1)? 
into a Laurent’s series in the annulus 0 < |z—1| < 2. 


In Problems 659 and 660 expand the given functions ina Laurent’s 
series in the neighbourhood of z = 0: 


659, 2 660. 23 exp (1/z). 


ze 


Sec. 11.8. Isolated Singularities. Residues 
(See [3], Secs. 6.11-6.13) 
661. Determine the character of the singular point z = O for the 
indicated functions: 
(a) f(z) = (e?—-I)/z, (b) S(z) = N/24, (©) f(z) = exp (1/2’). 
662. Find all the singular points and determine their character 
in the given functions: 


1 . | 
(a) =; ;  (b) cos ao (c) z sin ma (d) tanh z. 


~ 


663. Find the residue of the function — at the point z =~, 
' Solution. We have 


A A AS Rae A. aa 
ge es ee, y (- ) ees fe or 
z zz 
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664. Find the residues of the function 
f(z) = sin 2” 


22 =) 
at its singular points. 


Solution. It is obvious that z = Vand z = 2/4 are the end singular 
points of the given function. 
Let us find the limits of the function f(z) at these points: 


_ ual ee 1 ate: 
Le {~= ae a ani a 
a oe (Z) =o. 


Thus, z = 0 is a removable singular point and Res f(z) = 0. 
z=0 


Further, z = 2/4 is a pole and 
Res f(z) = lim f(2)(z- 4} = 
z=n/4 z—>an/4 


The point z = o is also singular, it is an essential singular point. 
To find the residue of f(z) at this point, one has to expand the func- 
tion in a Laurent’s series in powers of z: 


ij sin 2? _ 16 a 
oe 16° 


2 
z—>n/4 2 


gXekt)) 


I(z) = 7% (3) x (— 1)" opr: 


Multiplying the series and grouping the terms with like powers of z, 
we obtain 


1 m4 ns m2 
f(2) = + (\- gat gst — ait )+ >» cpz*, 


; k#-1 
1.€. 
nx n 
Res f(2) = —(l-gra tags ---) 
_ Fyn 2x 710 —_ 16... 2 
=~ a3 (@-gart aes) = ar sin 


The same result will be obtained if we take advantage of the basic 
theorem on residues according to which the residue of the function 
F(z) with respect to z = © 1s equal to the sum of the residues with 
respect to the end singular points taken with the minus sign (see [3], 
Sec. 6.13, Theorem 1). 

Let us consider one more method for finding the residue of the 


function f(z) at the point z = o. The function a sin z* may be 
regarded as analytic on the z-plane, if it is supposed that it is equal 
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to l at z = 0. Therefore it is expanded into a power series in powers 


. It . = ° 
of (2— a} which converges in the entire z-plane: 


4 
sinz® _ sin(x/4?_ | = k 
“2 = “qa t 2 a(2—Z) 


But then 


ae | sin (12/4)® I sin iy 
I= ~~ yay TM) = a ay + 3 
4 


4 


where the power series on the right is convergent for all z. In fact, 
y(z) is a function analytic in the z-plane and it is expanded in a 
power series convergent in this plane. Now, taking into considera- 
tion Problem 663, we obtain 


_ , sin in(@7/4®> 1 sin (/4)® 
Re f= me, (a/A)? : mk = (21/4)? 
4 


665. Find the residues of the indicated functions at their singular 
points: 


(a) f(z) = 2sin (1/2); (b) f(z) = 2? exp (1/2); 
()/@) = gress ~@ S@) = @-2) exp (5). 


Sec. 11.9. Computing Integrals with 
the Aid of Residues 
(See [3], Sec. 6.14) 


The basic theorem on residues can also be formulated as follows: 
the integral of f(z) about a contour I’, traced anticlockwise, is 
equal to the sum of residues with respect to all singular points 
Z1, -.., Zn, found inside I’, multiplied by 2a: 


[ £@ dz = 2a > Res f (zz). (1) 


666. Evaluate the integral 


eI 
sexi” 
[z|=2 
Solution. In the domain |z| < 2 the function I (z)= aa is 
analytic everywhere except for the points z = 0, z =—1. Let us 
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farsi: ae 18 oe een ene 


find the residucs of f(z) at these points. Since z = 0 is a removable 
singular point, Res f(z) = 0. At the point z =—1 the function 


z=0 
f(z) has a simple pole, therefore 
Res f(2)= lim G41) /@ = Jim oot = Ie", 
z=-—l z—+>-1 —>-1 
According to (1), we obtain | ran dz = 2ni(1—e-"). 


\zi=2 


667. Evaluate the given integrals: 


z dz Pe 
(a) | yey where I’: Zty Hl; 


d 
(b) f oS: © [xe DP: P+ y? = 2x; 


jzi=5 


+1 1. og 
(d) | Sy dz, where I ‘ at+y = 1. 


668. Compute the integral 


oo 


= x? dx 
I = fare (a => 0). 
Solution. We introduce the function f(z) = wis of the com- 


plex variable z. It satisfies the conditions of Theorem 1 from Sec. 6.14 
[3] for m = 4 and has in the upper half-plane a pole of the second 
order at the point z = ai: 
2 3am vee 
Res f(z) = a “(@ ai)? f(z) = bap a Garant = Gai’ 


z=ai 


Then 
I = 2x7 Res f(z) = 


z=al 


669. Evaluate the integrals: 


Dae os ae r dx ; 
@ f wei (b) Resorts ener: 


(©) ins (4) ie (n= 1,2, ...). 
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670. Evaluate the following integrals 


(a) f ape dx (=O; ©) i araiy 


Gane * 
oa: Compute the integral 


sin x 
/ a J x(x? 4- a’) dx 


Hint. Consider the function f(z) 


222 +a) and the contour 
«, R (Fig. 41). For a small ¢ and large R the function f(z) has one 
pole inside the contour I’, x. Note that f(z) has a singularity at the 
point z = 0 on the real axis. Then pass to the limit: 


lim | f(z) dz. 
eae 


Te, R 


Fig. 41. 
672. Compute the integral 


oo 


0 


I= | exp (— ax”) cosbx dx (a>0, b= 0) 
Solution. As we know, 


oo 


| exp (— x°) dx = 1/2, 


therefore 


oo 


| exp (— ax’) dx = a/*. 


— co 


Ch. 11. Functions of Complex Variable = 121 


Consider the function f(z) = 
= exp(— az?) and the contour I' 
having the shape of a rectangle 
with sides 2R and b/(2a) (Fig. 42). 
Inside the contour I‘ the function 
exp (-- az”) is analytic, therefore 


| exp (-- az’) dz = 0), 


I’ 


1.€. 

R b/2a 

| exp (— ax’) dx-+ | iexp [—a(R+iy)*] dy 
LR 0 


rf [ exp [-a(x+7 5.) ] dx+ f iexp [—a(— R+iy))] dy = 0. 
R b/2a 


As R + , the second and fourth integrals tend to zero at the ex- 
pense of the factor exp (— aR’). Therefore, in the limit, as R — ©, 
we obtain 
| exp (— ax’) dx+ | exp (— ax?) exp (— ibx) exp - dx = 0. 
Hence, separating the real part in the second term, we have 
exp (=) | exp (— ax”) cos bx dx = | exp (— ax*) dx = / — 


a 


— co — oo 


or 


| exp (— ax”) cos bx dx = ta/2 exp (-Z). 
0 


Chapter 12 


OPERATIONAL CALCULUS 
(See [3], Chapter 7) 


Sec. 12.1. Transforms of Simplest Functions 
(See [3], Secs. 7.1 and 7.2) 


673. Using the definition, find the Laplace transforms of the 
indicated functions: 
(a) f() =e; (b) f() = sin 31. 
674. Is it possible for the function m(p) = 1/sin p to be the trans- 
form of some object (or original) function? 
675. Using the property of linearity and the property of similarity 
find the transforms of the following functions: 
(a) f(t) = t+2; (b) f() = 2 sin 3t+e-% =(t = O). 
676. Is 
exp (/), 1= 0, 
nS 
KO open 


an object function? 
677. Find the transform of the function f(t) = cos mtcos nt. 
678. Using the theorem on differentiation of object function 


Lf’; p| = pL{f; p|—f(0), 
find the transforms of the following functions: 

(a) f(t) = cos? 3t; (b) f(t) = cos‘ t. 

679. Using the theorem on differentiation of result (or image) 
function (F’(p) = —¢tf(t)), find the transforms of the below func- 
tions: 

(a) f() = @ cost; (b) f(t) = ¢t sinh 31. 

680. Using the theorem on integration of object function 


. F(p) 
J Fedex 


find the transforms of the following functions: 


(a) f() = | tsinh 3t dz; (b) f(t) = t? cost dt. 


0 0 
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681. Using the theorem on integration of result function 


fO. fp 
p 


find the transforms of the following functions: 


(a) Ts (by HES (OM, 


682. Using the theorem on translation (shift) of result function, 
find the transforms of the indicated functions: 


(a) e sin t, (b) eff? cos ¢. 
683. Using the theorem on delay of object function 
F(t—to) = e-F(p), 
find the transforms of the below functions: 
(a) sin (t—b) oo(t-- b); 
1, t=0O, 
0, t< 0. 
684. Find the transforms of the following functions: 
t, O=<=t<l], 
ee 2-t, 1=<?t=<2, 


(b) f() = {sin t}. 


685. Find the transform of the given convolutions: 


(b) e'-3o9(t—3), where o(t) = 


f(t+2=f/(), Wt 0; 


t t 
(a) | ef-*tsint dt;  (b) (t—t)? cosh t dt. 
0 0 


Sec. 12.2. Finding Object Function 
by Its Transform 
(See [3], Sec. 7. 


686. Find the object fanction f(t) if F(p) = 1—cos (1/p). 
687. Find the object function for the result function 


1 
ne) = P(p—1) (p?+1)° 


688. Find the object function for the indicated result function: 


(a) F(p) = (b) F(p) = 


1 1 
p?+4p +3’ p*( pp? 4-1) ° 


smn ce eee ete 


140. A Collection of Problems 
689. Find the object function for the function F(p) = 1/4/14 p? 
Solution. Let us expand the result function F(p) into a Laurent’s 

series in the neighbourhood of a point at infinity: 
ae 
-12 | 2-72 
F(p) = 1 (I+, an patos “QV pt e 


<= (~1) (24)! 
= = RUDY AN)? 22k 2 2k+L 
By Theorem 11 (see [3], Sec. 7.2), 
fO= p> Arr ye Pk = Jo(t), 


where Jo(Z) is a Bessel’s function of the zero order (see [3], Secs 


1.25 and 5.9). 
690. Find the object function for the rational functions F'(p) 
using the equality 


f= ¥ Res [F(p)er" 


where pi, ..., Pm are the poles of the function F(p): 
_ 2pi+p?+2p+2 
END) = pp? +2p+2) ° 


(a) F(p) = aT ; 


Sec. 12.3. Applications of Operational Calculus 
(See [3], Sec. 7.3) 
691. Solve the given differential equations for the indicated initial 


conditions : 
(a) x’+x = e-!, 
(b) x”+x = 2cos ft, 


(c) x’+2x’+5x = 3, 
692. With the aid of Duhamel’s formula, solve the following 


x(0) = 1; 
x(0)=0, x(0)=- 
x(0)=1, x(0)=0. 


equations: 
eee: ae a RHR. 
a) x" =i, x0) = x(0) = 0; 
(b) y’+y = sin x, 
(c) y’+y’ = 10e"*, 


y(0) = y'(0) = 0; 
y(O) = y'(O) = y’(O) = 0. 
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693. Solve the system 
x’+y = 0, 
yt+x =), 


Solution. Let X(p) = x(t), Y(p) = y(#t). Write the operator equa- 
tions 


x(0)=1, y(0)=—-1. 


pX(p)— x(0)+ ¥(p) = 0, 
X(p)+pY(p)—y(0) = 0, 
or 
pX(p)+Y(p) = 1, 
X(p)+ PY (P) ===, 
Solving this system with respect to X(p) and Y(p), we have 
X(p)=—, Y(p)=—. 
Hence, 
xoN=e, y(t)=—e’. 
694. Solve the following systems: 
xX+x' = pte’, 
Ga) | PE x0) = = 1 
x” = 3(y—x+2), 
(b) yy = xy, 
oS; 
x(0) = x(0) = 0; (0) = 9, 


y’ = 32z-y, 
(Cy, 
z= yrzte*, yl 


y(0O) =—1; 2(0)= 1, 2(0) = 0; 


695. Compute the below in 


co oo 


(a) I(x) = f SS dts (by We) = f OAS at, 
0 


e+r 
0 


Chapter 1. 


8. a= 0.11) = 1/9. 9. a+b = 0.(25) = 25/99. 10. A+B = [2, 6), AB = 
= (3, 5], A\B = [2,3]. 11. @@—) —3.1 <x<-2.9; (b+) x <=—-7,x>13; 
(c) x <—3/2; (d) O< x < 1/2; ©) x =-3/2, x=1/4. 12. a>-—a, if 
a>0, -—a>a, ifa<0. 13. (a) b=0; (b) 56<0; ©) d<0, (d) b= 0. 
14. (a) 1; (b) 1; © V2/2. 16 0. 17. 0. 18. 1/2 (see Problem 1). 19. 1/3 
(see Problem 2). 22. No. It is simply unbounded. 27. 9/8;1/6. 28. 2; —30. 
29. 0,1, 1,1; —1/6, 4/3, 1/3,1. 30. —1,0,1. 32. Hint. Take advantage of 


the imequality Br kal ke (k=>2). 34. E=(-—o9, 0); E, = (0, 1]. 
ane Ee s4vi7), E, = lo, vat). 
2 2 2 
_x*?+4x4+3 _ ; ‘ r 
36. 1, ae Panay, f(x), 2/(4-x*), (14x?)/(1—~x*). 
sinx, O<x <2/2, ; 
42. 0,25;2, 00. 43. f(x) = (Fig. 43); 
1, x>n1/2 
0, O=x =], 
p(x) = { sinx, =< x <3n/2, (Fig. 44). 
—1l, x > 3n/2 


ca 
2 
Fig. 43. Fig. 44. 


44. (a) 1; (b) 2/3; (©) 1/2; (d) 3; (©) 4/3; (f) 0; (g) — 1/16, (h) 1/144, 
(i) 1/4/2a; (j) 0. 45. (a) 3; (b) 2; ©) 4. 46. «©. 47. (a) ef; (b) e?; 
(c) 1. 48. (a) 4; (b) a Ina. 49. Continuous everywhere (Fig. 45). 50. If 
A=2, then f(x) is continuous everywhere. If A + 2, then x = 1 is a 
removable discontinuity (Fig. 46). 51. x =—1, x = 3 are points of dis- 
continuity of the first kind (Fig. 47). 52. x =—1 is a removable discon- 
tinuity (Fig. 48). 53. x =—1 is a point of discontinuity of the second kind. 
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Fig. 49, Fig. 50. 


128 _ A Collection of Problems 


54. x = mz (k=0, +1, ...) are points of discontinuity of the first kind 


(Fig. 49). 55. x = 1 is a point of discontinuity of the first kind (Fig. 50). 
56. x = 0 is a point of discontinuity of the first kind if a ~ 1 (Fig. 51). 
57. 6<¢/8. 58. d= 6/12. 59. (b—dy)/(cy—a). 60. 3x. 61. x. 62. f’ = 
= 3x?-2, f’ (0) = —2, f’ (2) = 10. 


2k+1 
2 


; x I ff ee , = 
63. f (x) = arcsin —— + (x4 DV 2x41 (x>-3)s 7 O=07 (1) = 
7 1 21 +x") 

= —+——. 64. 1). 
5 OAs (1x38 (lIx| 4 1) 
1 1 1 

65. (a) 1+ == 0); (by) -—~-——~- > 0); 

_ "3a crete Wes 2x /x ae 


1—x+4x? ; 1+2x? 
(c) G—x)* (+x)! (lIx| #1); () (i+x90 > 


(e) aaa (Ix| < a1); 
1+2VEt+4VxVxtVx QL gy, 


f en 
» aya VeevEV 2 Vetve 
(g) a: (x >0);  (h) —— (x #kn, k=0, +1,...); 
(i) hcg ve signe (i) asin x (x 2h} tt, k— integer) 
(k) a *(cos 3) ae 5 () ee"(1-1 ce”); 
(m) atv -! + ax*- 1a" Ina; (n) a = (x ~ 0); 
(0) eee (0 < |x| < I). 
: — xa hth, kA=O,+1, ...}. 67. —2x exp (— x”). 


68. (a) 2x cos x?; (b) sin 2x; (c) 21x* cos x’ sin? x7; (d) —cos x-sin (sin x); 


(e) —2x sin x2; (f) —4x3 sin 2x‘. 69. (a) 1/s/a?@—x? (a>0); (b) a/(a?+x?); 
(c) 1/\/a?+x?; (d) sgncosx, x # am k—integer; (e) —1/\/a?—x? 


(a>0); (f) Gx?4+1e"**. 70. sa (0 < x-—2kn <x, k—integer). 


sin x 
71. (a) Tpye tarctan x; (b) < © inta? (x #0); © - (x > e); 


x In x In (in x) 


d ee => 1 ; eee —— > — 1 . f 1 : a 
(d) 1 (lx] > 1) (e) re vsti) (x ); — (@) I/cos xx 
—2kn| < 2/2, k—int : _|ntx > 0); (h ; 
xX (lx | < m/ integer); (g) a (x ); (h) ; wire = 
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. Wx re | x3 1 
= 0); —_— 1); k) —— —}; 
2(1 +x) . 0) 1+.~x? wen ©) x$+41 (a ‘g a) 


12x5 sin 2x 2k-1 : 
o Gy ™ sit x + cost x (x= =y— mb integer); 
x? 
(n) re —, arctanx; (0) me ee 
—-1l, -2<x<l, 
72. f(x) = { 2x3, 1=<=x=<=2, (Fig. 52). 
1, 2<x=<4 
1. x < QO, 
73. f(x) = 1 (Fig. 53). 
—-, x20 
1+x 


74, = = 5 75. 2tanhx. 76. (a) 2x cosh (x?+1); 
(b) 18x® sinh® x® cosh x®. 77. (2x+1) sinh 2(x?+x-+1). 78. (a) 2 tanh x/cosh? x; 
mite 2 
(b) 2x/cosh? x*. 79. (a) Seen eee > (b) 1/\/1+x?; © Vetvi+x : 
x cosh? (1 +1n x) a/ 21 +x7)al4 
— . 1 : > . tanh 2. 
(d) cothx (x«>0); ©) = sinhInx (x >0); (f) rT Bek : 


(g) (sinh x)°°*= [sinh x In sinh x+cosh x coth x]; (h) —@ sinh x)/cosh! x; 

(1) 2 cosh x/sinh? x (x #0). 80. df(x) = (2x+4+1) 4x; df(iI)=34x; Af()= 

= 3Ax+(A4x)*?; for dx = 0.1, df(1) = 0.3, Af(1) = 0.31. 81. e(1+.x) dx. 
2x dx 


82. coshxdx. 83. —xsinhxdx. 84. Se (|x| < 1). 
85. (a) (—2+4x")e~**; (b) 2842) | 97. 20x ax’. 88. e|In SH] dx". 
a (1-+x*)4/? EE, ca 
re 3 3 r 
89. y’ ae ee x i+), y”" = 4a— =H (t~ 1). 90.)’ =—-cott, y’= 


=—I/(2 sin? t) ¢ ~ kit, k—integer). 91. =t, p"=1/f’'@). 92. y = 


sin t . aan 
~ j-cost’?” ~ 4sin*(G/2) (t # 2kx, k—integer). 93. (a) y+-11x—18 = 0; 


Ily—x+46=0; (b) have no common tangent. 94. g = arctan 24/2. 
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ee ee | eee 


—A+4/ 424.34 43 
95.9 =2/4. 96. 7/6. 98. (a) c= 1/3; (b) c= oe 


VB,C; () c= 1/73, VA, B,C. 100. (a) The function is increasing on 
(—oco,1/2) and decreasing on (1/2, -); (b) Increasingon (— 9, 1), and 
decreasing on (1, oo). 103. a/b. 104.2. 105.1. 106.4. 107. 1/4. 
108. 1. 109. (a) e~“*®; (b)e/3; (c) a/b; (d)3; (e) —1/3; (2; (g) 1/3; 
(hyO; @e*; (Gj) 1; (kK) 1; Wet; (m) a (—1+4I1naQ); (n) 1/n; 


(0) —— ; (p) n/m; (q) 1/2; (r)2/m; (Ss) 1/2. 111. tan x= xt 45 x54 


+o(x®), 112. f(x) = 14+2x txt 3 x8 tole) Hint. Use the expansion by 


2 4 
Taylor’s formula for the function e*. 113. Incosx = 5 Fy +o). 


3 
114. sin (sin x) = x—5 + of"). 115. —1/12. 116.0. 117. —1/6. 
118. —1/2. 119. (a) 2.718281; (b) 0.017453; (©) 2.236. Hint. Represent 


the number 4/5 in the form 4/5 = 2 / 1 +| and take advantage of 


Taylor’s formula for the function (1+.x)" for x = 1/4,m = 1/2; (d)in2 = 
= 0.69315, In3 = 1.09861. 120. (a) For x = —1/2 a maximum, y(—1/2) = 
= 9/4; (b) for x = 0a minimum, »(0)= 0, (c) for x = 0 a minimum, 


y(0) = 0; for x = +1 a maximum, y(+1) = 1; (d) for x = —1 a maximum, 
y(—1) = —2; for x = 1 a minimum, y(1) = 2; (e) for x = 32/4 a maxi- 

31 V2 3n/ 1. _/n a Tr\ _ v2 7/4» 
mum, »( 7) ae en for x = 4 2 =minimum, »(Z ae te 


(f) for x = Oa maximum, (0) = 1/4; (g) for x = 1/2 a maximum, y(1/2) = 
= 1/4; for x = —1/2 a minimum, »v(—1/2) = —1/4; (h) for x = 1 a maxi- 
mum, (1) = 0; for x = 3 a minimum, y(3) == —4; (i) for vx =kAn (k= 


4 
= 0, +1, ...) a maximum, y(Am) = (—1)* > > for v = + 47 2k a (k = 
= 0, £1,...) a minimum, v(t" 2k} = ae (j) for x = phen 
(k=0, +1, ...) a maximum, y( F +2ka) = we for x = ~ + 2kn 
(A = 0, +1, ...) a minimum, (- 3 +2kn} = a: 121. (a) 32; 1; 


(b) 10, 1; 2. 122. d= 74/28. Hint. Investigate the function yp == 
= Peis 12) for extremum. 123. (a) 2; 0; (b) (1 + /2)/2 -— 130. 


s/2 


124. (a) x = | is a point of inflection; the graph is convex downward on 
(— co, 1); on (1, ) the graph is convex upward; (b)x=+1 //2 are inflec- 
tion points; on (—1/+/2, 1/4/2) the graph is convex upward; on the 
intervals |x| > 1/2 the graph is convex downward (Fig. 54). 125. (a) Inclined 
asymptote: y= x; vertical asymptote: x = 0 (Fig. 55); (b) horizontal 
asymptote: y= 1, x = O0—a vertical asymptote as x—>+0 (Fig. 56); 
(c) y ='0—a_ horizontal asymptote (see Fig. 54), (d) y = x—an inclined 
asymptote as x — oo; horizontal asymptote: y = 0 as x +-—oo (Fig. 57). 
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5 a a a a 


Fig. 54. Fig. 55. 


Fig. 56. Fig. 57. 


126. (a) x =—1/3—a point of minimum, y(—1/3) = —-V10; x =-1, 
x = 1/2 are points of inflection; y=-—1 is a horizontal asympotte as 
x + —coandy = 1 isthe same for x — + co (Fig. 58); (b) x = 0 is a point of 
minimum; x = —1 is a vertical asymptote; y = 0 is a horizontal asymptote 
as x >—oo; the graph is convex upward on (— oo, —1) and downward on 
(—1, co) (Fig. 59). 127. (a) See Fig. 60, ',(¢ > 1), J2(-1<t< 0D, I; 
(¢<-—1); (b) See Fig. 61, , (t > 0), I, (¢ < 0). 128. (a) The sides of the 
rectangle: a4/2 and 61/2; (b) x = a/6; (c) PB=12km; (d) a= d/vV3, 
h=dv2/V/3. 129. The rectangle is a square with side 2. 
|av-ub| sin 0 
130. FO eae ae ee ae mos 
/ u? +-v?—2uv cos 6 
ships (see Fig. 7) at an arbitrary instant ¢ is r(t) = (a+ut)? | (6+vt)?- 
—2(a-|-ut) (6+ vt) cos 0. The instant of time when the ships were at a distance 
a and 5 from the meeting place is supposed to be equal to zero. Then 


3/2 
investigate the function 7°(t) for extremum. 131. (a) p(1 + =) : 


P 
(b) crs 5 (c) 2v/y. 132. € = alt—3 sin 2), 7 = 3a(1—Ccos f). 


Hint. By the cosine law, the distance between the 
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Fig. 59. Fig. 60. 


Answer's 7 7 133 


Chapter 2. 
' (For the sake of brevity, the constant C is omitted). 
133. leader 3— 125x‘ + 30 mee i 7 134 ee gees 
3 x x X 3 x 7 xX’. ° 3 5 ‘ 


]— 
Tex 
139. se ala 140. eae x. «441, are sin vIn lx VJ] +x? |. 


135. .—arctanv. 136. ..—cos x }+sinx. 137. ..4In . 138. —x 4-tan x. 


142. ne re 3)', 143, (a) ---— arc tan 2g (b) Pen rea aa 
200 a 2 3 2 


a a 4 a,- 24 12-3 4 4/3. 
(c) a\n |x|-——59 3 (d) exVx- ax a/x + Vx : (e) xX+ 


3 1 2 1 
#30 lxl4+——5-33: -(t) a. »* Gz ind+x; (hy) —x+ 
1 -+*); —1! 6 a 
op ee ee ma 0) ina Zing ag ones 


ebeinhx: () -Ox=9" Gm © 
22 


= arc sin (« / >): 


(n) Sy in V3r+ V2) (0) a x1/3+4/32—2|; (p) -—x 


x (3e7**¥+2e-3), 144, —+/1—x?. 145. In(2 Y tan x—cot x. 
147. z [(x +1)??-—(v— 19/7]. 148. —In |cos x]. 149. 2 arc tan +x. 


. + 30x 37 — 2 in 
i500 a2, a |. Hine. 
50. 375 (2— 5x) 151. Ain 3. ag “ind 9 rene Hint. Divide the 
numerator and denominator by 273* and set t = (3/2)*. 152. (a) > a/ x? —-2+ 
Be 4_4/2 
+In |x +V/x?=2|; wO—d pO eC in| 
8/2 |xt4+/2 


(e) arctane*; (f) cade ie “a (h) In |sin x]; 


(i) In |tanh (x/2)|; (j) 2 arc tan e*; (k) > (arc tan x)*; (I) — = 44 sinh 2x; 


(m) 44 sinh 2x; (n) —2coth2x; (0) Sa 3x)?/3;  (—p) ax 
x (1 +x?)/3 (4x?-—3); = (q) x—In(1+e*). 153. x arc oe In (1 +.x?). 


2 
154. —(x+l)e"*. 155. xcoshx-sinhx. 156. —xcosx-+sinx. 


157.4/1—x?+xarcsinx. 158. xsinx+cosx. 159. —>/x+(1+x) arc tan +x. 


x3 2x?—1 : x 1+? 
160. (a) = sin 2x— 4 cos2x; (b) Sot 5 


7 1 1 2 xntl 
zl 2 : al 2),-2. = . ree 
Xe (x 4+x+ x); (d) 5 (1+27"e"*; (©) x(-14+ln x); (f) are bes 


—1 x3 2x 2 : 
x (= ith x); (g) (5+ 3) sinh 3x— (5 +55) cosh 3x; (h) x? cosh x 


|-cos xIntan x. 161. (a) In|[x—2]+ 


arctanx; () aX 


A 


he sinh x 4-2 cosh; (i) In | tan ‘ 
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+In |x+5]; (b) —~ 162. (a) arc tan (x — 1); 


A tee on 5 
a BE 49(¢ 2) 14D 
(b) 10-2); © In|x?-2x 421. 163, @) > In ixt11— | In |xt4 11+ 
5(2x +1) 
x? 4-1 

x 
_ 


ot pretence (b) 5 [2}n x 2|—In (v?-+1) +14 arc tan x + 


2 
1 I | 1x], : (x 4-2) 


164. (@) bg Gy? Oe anes © 


Ai—x) 4 


x Bx? Saf xh 21xt 4308 8 nea! In x7] 
S°7 6°35 4 3 2 (x +2) |? 


2 as 
(d) A ig Ae eet (c) 1) Ge 
6 x?-x+1 3 3 6 x*4+x+4+1 
ae a arc tan x; 

x+1 2 


1 xt4+x~/24+1 1 xV/2 pe 
(g) ——— In ——"—_ + —__ are ae . 165. 24/x—2 In (1 ++/x). 
44/2 w—x4/241 21/2 —x? : 


7 xA/x 
166. +4 In (1 (b en eee, od, Sc eee ees 
2 aa ae Oe "aera Va+2U5) 
a x? 
Ps el a ee 4. @ x _zveo} 


3 
2/7 Vi? ae 1442’ 2 
+5 In|x+Ve=i; (e) 5 Le +2Vx-V x +a) In (V/x4+-VT+)]. 


Hint. Multiply the numerator and denominator by the expression +/1++x— 
- n ‘ x—b 
mane Veet AE) GV. 
167. In |1+2x+2-/14+x+x?|. 
xo V8 FBS In | x—144/x?—2x42|. 


3x sin2x sin4x 
169. (@@) = — 4 + 32 5 


sin? x | 
3 > 


(b) 5 In |tan x |. 


tan (x+3) 
4) I: 


x 1 a 
2 tan zai 172. (a) ob arc tan (5 


170. (a) sin x— 


(b) cs In 


171. 7 In 


: tan x); (b) tan (x/2); 


(©) -cot (x/2); (@) -tan (F-F); (© + In[sinh @x—1) cosh 2 +1)] 


(x > 3). 174. (a) Since 2x/n< sinx <x [0, 2/2], we have 


n/2 n/2 n/2 
2x ; 
=e < sinx dx < x dx; 
0 0 0 
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1 1 
(b) since e* = 141.4 [0,1], we have | edx = | (li tx)dv. 175. (a) 7/6; 
0 0 
3 
b)1; ©1;, @Mmnv2; © 2/3; (1; @) 1; (h) -Z+In4. 


I e 


176. 1/(2ab) (see Problem 172). 177. 1(see Problem 156). 178. 5 In x 


(see Problem 154). 179. /“()—/U)-+/(0). 181. (a) sin x2; (b) —+/1-1.a°; 
(c) 0. 183. 2. 184. 4.5. 185. 2654/3. 186. nab 187. 37a°/2. 

188. (e2 +1)/4. 189. 6a. 190. 8a. 191. Taking 6 for the parameter, we have 
x = 0 cos!) = f(9) cos 0, y = osin 6 = f(6) sin 8, 


B 
Ir = { VFO) + FO) 49. 


192. 37a/2. See Problem 191; one half of the curve is described when changes 
from 0 to 32/2. 193. 8a. The upper half of the cardioid is described when 


gy varies from 0 to a. 194. (q) x 7rh; (b) Te itdtnndls (c) 27/2; 


in 
8 451+4,’ 
where 
E, = ee a (ES OF 1, sac5 8): 

Substituting the values of &,, we obtain 

15 1 

aN 22, ya 0.6927. 
The remainder 
R, <= : ° ce = ~— <= 0.0027. 
8* 12 384 


By the trapezoid method 
1 . 
Ix 16 {f(%) +2 D+ ... +2f(X)+£(%g)} © 0.6941 


with the same error as for the method of rectangles. 
By Simpson’s method, 


oo 0] {f(x0) +44) +2 (%2) +46 (x9) + «2. +462) +S (xg)} © 0.69315 


with,the remainder of the quadrature formula 


t M, : 7 
Ra = qaagag = 2°! 5 = 110° 4, 
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Thus, Simpson’s rule gives the first three correct digits for the value of the 
integral. The exact value of the integral 


1 


r= ( 2 = in2 = 0.693147. 
1+x 


0 


(b) By the method of rectangles, 7 ~ 0.8358 and by the trapezoid rule, 
J = 0.8352 with the remainder Rj. < 0.004. By Simpson’s rule, the remainder 


10 
Ros 7880-6! <= 10 
four correct digits: 7 ~ 0.83565. 
197. L(x) = 5 (e-3x4, 198. (a) 7/4; (b) _ », O<a<1; ~, a>]; 


—5, Therefore, evaluating 7 by Simpson’s formula, we obtain 


(c) 2/2; (d) co. 199. All integrals converge. 200. (a) 1; (b) ——; FF Be? 


(c) s (e7+1). 201. (a) Converges for p > 0, a ~ 0; for a = 0 it is convergent 


if p > 1; (b) convergent if either p or g exceeds zero; (c) convergent for 
m>-—i1,n—m> 1 


Chapter 3. 


202. 2. 203. —2. 204.1. 205.1. 206. cos(a+f). 207. 4ab. 208. I. 
209. 4. 210.0. 211. (a) Odd; (b) even; (c) even; (d) odd. 212. A,, = be—x’, 
Ax = x? —CX, Ais = =x 2— bx, Ay, = — oe. Avo = ac— — x?, Aog = x?~—ax, 
As co x?— bx., Ase = x?—ax, Ags = ab — Bsa A= = aiAw aA +dicdss = 
= 2x xHatb+ 0) 4 abe. 

213. (a) 0; (b) —4. 214. (a) 72; (b) (c—a) (6—a) (c—D). 

215. A = ‘A, -e = 
rows by columns: 


7 10 9 
11 14 10); = 
9 13 9 


rows by rows: 

7 10 9 
11 14 10] = 
9 13 9 


columns by rows: 
7 10 10 
12 14 11 
8 11 9 


columns by columns: 
7 10 10 
12 14 1] 
8 11 9 
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719 
217. rank A= 2, A* = 2 3 2) 
111 
218. x, =—7,x_ = 5. 219. x, = 3/2,x, =—1/2. 220.x = 3/2, y =—1/2. 


221. The system has no solution. 222. x = —84, y = —93/2, z = 31/2. 
223. The system has an infinitude of solutions: 


2. 4 oe a oS 0 | —7 5 -] 
R= 1 3 5-2 3 m 1 3 5 -—2 3 

1 5-9 8 1 0 2-14 10 -2 

5 18 4 5 12 0 3 —-21 15 —3 
01-7 5-1 

i 13 5-2 3 (; 1-7 5 ~3) 
00 0 0 0O 13 5-2 3 
00 0 0 0 

=(} 1-—7 5 2) 
10 26-17 6 

Hence, 


= 6—26z+17t, y=—1472—5t, 


ere z and ¢ are’arbitrary numbers. - 7 
224. = 3, rank B= 3. 225. (a) 5/1/2; (b) x = 1/2, y=1,2=—-1; 
(c) 1/2. 226.3, +/6;+/11; 2. 227. (a) 5/21; (b) 1/4/2; (©) 1/4/2. 

228. It cannot, since in this case cos? « +cos* B + cos? y = cos” «-+cos"B = 
= 5/4>1, which is impossible. 229. x = y=z= 1/3. 230. |a—b| = 22. 
Hint. |atb| = Vial?+|bP+2(, b). 231. ja+b| = 20. 232. w= x/4. 
233. a-- @9) - (37) . 234. x = 2/5, y= z= 4/5. 235. (1, —2). 
Hint. This problem is equivalent to dividing the line segment AB into two equal 
parts. 236.x = 1/2,y =—5/4. 237. Let M, = (2, z.) and M, = (Z,, Z,) be 
the division points (Fig. 62). We determine the 
numbers yu and A (see [2], Sec. 7) for the point M,: y 
ies |[M,A| 1 _ IM,Bl _ 2 


[AB] 3’ a Oa ar CY Geena nee 


Therefore 


0 
Ze = —SA+3p =-F41 ee 


M, = (2. — 5) . 
Analogously, 


Z,=3, 2 =1/3 (f= 2/3, A = 1/3), me) 
M, = (3, 1/3). Fig. 62. 
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Si hamemeys Geeah ~~ 


238. Of the three given points, only M, lics on the indicated linc. 239. » = 


= ex s . The point M, -- (2, 3) lies on the given line, therefore y—3 = 
= -; (x—2). If for the point lying on the given line we take another point, for 
instance M, = (0, 13/3), then the equation takes the form: y— - = 2 Xv. 
240. (a) ee [4=- 03 (b) -2v pv +32 0. 248. 2v--3y = 0, ae | me 
4 
i Gy ee cee. aap Se. Oe | 
4/29 4/29/29 /2 V2 V2- ae re 
eon gaia ayes eee ee a ee a 
/5 a/ 22 +42 2 1/68 
= aa (c) d= UL ica = a, 244. (x-—1)—2(y—2) + 3(z +3) = 0. 
1/68 /2 2 


245. —4x-—y+2z+3 =0. 246. (a) A(x—1)+BCy—1)—2(A +2B)(z—-1) = 0, 
where A, B are arbitrary numbers, not all zero; (b) 2(x—1)+4(—1)+ 
+€z—1)=0. 247. Cases (a), (b), and (c) define parallel planes. In Case (c) we 
have ee two merged planes. In a (d) the planes are not parallel. 


248. (a) 5 y-2 z-1=0; ) > Pega as Rigas = 0. 249. (a)d= sx 


3 
ie a 9 9 
5 1 


x|2-1—3-2+6-1—7] = z (b) d= 412-14 1-2-21-I1 =3° 
250. cos y = 59/63. 251. x?+-y?+-2? = 144/29. Hint. The radius of the sphere is 


the distance from the origin to the given plane (d = 12/1/29). 252. ate ae 
+— AL =1. 253. —7(x—-2)+(y+1)+5(z—1) = 0. Hint. From the conditions 


of the orthogonality of the planes find the ratios A/C and B/C, where A, B, C 
are the coefficients of the required plane. 254. (a) « = 7/3, B=2/4, y= 7/3; 
(b) a= 2/6, B=2/3, y= 0. 255. (a) 5/3; (b) 3/14. Hint. Take a point on one 
of the planes and find its distance tothe other. 256. (2, —1, 0); (4/3, 0, —1/3); 
(0, 2, —1). 257. (a) A,D, = AD; (b) A, = dD, = 0, A» => D, = 0. 

x-1_ y-O0O z+!1 


258. —- = =a =3 anges 259. x=1-42z1, y=-144, z= —345¢. 260. (a) 
x-2 ytl Zz, x  yti 2-1 

a ahaa ea” va. (b) sag 4a . Hint. In Case (a) solve the system 
with respect to x and ys and in Case (b) with respect to z and y. 261. cos g = 
= Se Ne = - Q = =: 262. /= 3. Hint. Pass to parametric 


representation of the straight lines. Supposing that the lines intersect at some 
point, we obtain the system 


2to— lt, = me 
3to + 4t, =—T], 
4t)—2t, = 6, 


from which we find /, fo, t;. 263. *>* = 7 yt" = iF 


(2, —4, 1) is collinear with the vector a = (a, a@., a3) lying on the straight 
line. 264. (a) The vectors a and b are oriented in an opposite way as compared 


Hint. The vector 
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BOT ee es a ee 


with the coordinate system; (b) the vectors a and b are oriented in the 


same way as the coordinate system {the determinant formed from the coordi- 


nates of the vectors : 2 =1>0). 265. |jaxb| = 21. 266. Yes 


7 
((aXb) = 0). 267. The vectors a and b must be collinear. 269. sin » = 
laxb] — S17 . fy 2 
Soe Oe ( - S ree ee 2. 1. s(¢c ] nye 
al-|b| a] 270 |3 4 271. (a) Yes (coplanar) 


(b) no. 273. (a) Linearly dependent (see Problem 224, matrix 2B); (b) linearly 
indcpendent, the rank of the matrix made up from the coordinate of the vec- 
tors is equal to three. 275. A = 15. 


5 2 29 -22 1 3 4 6 
276. (a) AB = (7 0) BA = (31 ~54)3 © AB = (, 7) BA = (3 4)3 


43 10 
49 11]; the product BA has no sense. 


37. 9 
277. a) ( i); (b) (( i (c) i; ) (n > 3). 
1 


Gm a): oa-(5 4) 


2 \3b 3b4+2a a 
-2 1 1 =—4 1 
279. (a) A} = 3 1475 ©) A-'}={]_38 41 —34]; 
a 27 -29 24 
2 cosa sin |) ne _ (; =) 
ioe (-. COS a oe a ks 5 -4]) 
Jo) ft 
a 5 
_ se 1 1 1 
=bh poe camte Bes Ge 
282. (1) A (14 = a 
2 , 
28. tA. ch 
a “9 <2 


283. (a) Operator A is a linear one. Its matrix has the form A = 


0 1 1 
= (2 0 } Hint. The column of A represent the coordinates of the 


3-1 1 
images of the basis vectors. For example, e' = (1, 0, 0). Ae! = (0, 2, 3); 
(b) operator A is not a linear one: 


A(X +y) = (41tVy Xt Vet], X3+¥stl) 4 AX-+ AY = 
= (X14 Vy, Xe+¥2+2, X53 +2). 
284. BA-1=11 —7 4]. 285. BA" = > —12 13 10]. 


2 -1 O 6-5 —-5 
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1 0 2 #1 

2 3 5 1 
286. (a) 3-1 0 24° 

1 1 2 3 


Hint. In the old basis A?® = i! +- 3i? + 2i°-+-i*. This can be written as Ai’ = 
-- §!-.2i3-}-i7, therefore the first column of the new matrix will consist of the 
following elements: 1, 2, 3, 1. Then we also transform Ai®, Ai’, AP. 


-2 0 1 0 
i 4. 28 29 
(6) 1 4 6 4 
13 4 7 


Hint. The transformation of Ai! to the necessary form leads us to the solu- 

tion of the system: 
Ai = j} + 3i?+2i°+i% = 
= a+ BP +7) +70 +2 +i) + 67 +27? +6 +9). 

Then Ai? +2), A@+22+6), A +2 +13 +1) are transformed in a similar way. 

287. e ae Hint. We have a! = i! +27, a? = —i'+- 2, bt = i! — 27’, 
b? = 3i!—i?, where (i', i*) is the original basis of the space. Express a', and a? in 
terms of b', b*: a! = a b! + ~ bY a? = ~< b! ~~ b?. Then find Ab!, Ab? 
expressed in terms of b', b?. 


This problem can also be solved in the matrix form. Let a = (a!, a”), b = 
= (b’, b*). Tis the transformation matrix from basis b to basis a, the columns 
of T consisting of the coordinates of the vectors a!, a? in the basis b', b?. Then 
we can write in the matrix form 


a = DT, (1) 
where in the present case 


Now let the linear transformation 9 in basis a be given by matrix A and in basis 
b by matrix B: 


g(a)= aA, (bd) = 6B, (2) 


where the columns of matrices contain the coordinates of the images of the 
basis vectors in the corresponding basis, (a) = (p(a!), v(a@’)), p(b) = 
= (p(b*), p(b’)). It is obvious that 


p(a) = p(6)T. (3) 
Therefore, from (2) and (1) we have 
g(b)T = bBT and (a) = bTA, 
whence, by virtue of (3), we have bBT = bTA. 
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Thus, BT = TA, 
B= TAT-1. (4) 
Let us now find matrix B by formula (4). It is easy to compute that 
1 2 7 16 
3 3 3 3 = ee 
T= , AT = , B=TAT" = ( ? "3) 
food 13, 19 3 
5. 3. 3 «3 
1 98 
15 15 
288. B = TAT "1!= 
3241 
~15 «15 
289. (a) Orthogonal, (b) and (c) not orthogonal. ° 


290. The vectors e', e”?, e*? form an orthogonal basis in R3, since the rank of 
the matrix constructed from the coordinates of the vectors is equal to three 
(i.e. e', e?, e* are linearly independent) and the vectors are pairwise orthogonal; 


1 1 1 1 1 1 1 1 
Bir (sig geg) Olas =n Gana) 


292. (a) The basis is oriented in an opposite way: (b) the basis is oriented in 
the same way as i, P,P? (4 = 1). _ 

293.x, = va Xe,- X= ee Xo, i.e. the passage (xj, x) to 
(x1, X2) is realized with the aid of the rows of matrix A*. 

294. The passage from the coordinates (x,, x.) to the coordinates (xj, x2) in 
the new basis is realized with the aid of the rows of the matrix (A*)“}, and the 
passage from the coordinates (x}, x3) to (x, X2) with the aid of the rows of 
matrix A*. We have 


wn( aor 


Xy =X, 4+2N9, Xy = —X,+2x2, 
‘ , v , 
Ng = Xyt+NXe, 


therefore 


NXg = X1,—Xy. 


295. (a) No; (b) no; (c) yes; (d) no; (e) no; (f) no, if the given line does not 
pass through the origin; (g) yes; (h) yes. 

296. The entire plane; the vectors lying on any straight line passing through 
the origin; the origin. 


297. The set of vectors lying on the straight line x, = -3 (k #0); x, =0 


for k = 0. 

298. (a) The dimension is equal to 3 (the rank of the matrix formed from the 
coordinates of the vectors is equal to 3). A basis is formed, for instance, by the 
vectors a!, a”, a‘; (b) the dimension is equal to 2. A basis is formed by any two 
vectors of the system. 


ra 
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299. Subspace L’ consists of the vectors V = (x, X2, X3, X4) for which (v, a!) = 
= (v, a”) = 0, i.e. the coordinates of the vectors v satisfy the condition x, = x), 
2x1 +X2e+X3 = 0. The vector a = (74, ¥2, ¥3, Ya) IS Orthogonal to all the vectors 
v € L’ therefore its coordinates satisfy the condition 


(V1 +¥a—2y3)X1+W2—-Ya)X2 = 0, VX, Xe. 


Hence, y2 = y3, ¥1 + ¥a—2¥3 = 0. For the numbers « and B we obtain the 
system «+28 = y,, B = yo, B = ya, —% = yg. This system is solvable for the 
indicated y,, ¥2, Ya, Ya, namely « = —y4, B = Ye = Vz (the equality «+28 = y, 
is fulfilled automatically). 


i 36 —37 -15 
301. (, ). 302. 4 7)=[( 30 30 14). 
2% 27 «#9 


303. (a) A, = 2. Hint. Investigate for extremum the quadratic form u = x?+ 
+y?+2xy in the unit circle x? +y? = 1; (b) A, = 3. 

304. (a) The form is indeterminate by sign, since 4, = —3 < 0; (b) the 
form is indeterminate by sign (4, = —1 < 0); (c) the form is strictly positive 
(A, = 2>0, 4, = 1 > 0, 43 = 2 > 0). 


1 a a ae ee 
305. (a) A, = > [a,, +d. +~/4a2, + (;—@22)"] 
a 5 li-14+-V4-444] = 5, 


1 a Aaa 
A, = > [a,, + dog—/4a?, + (411 — 422)" = —/5, 


the form is of hyperbolic type; (b) A, = = oe 0.45 = aE > 0; 
the form is of elliptic type; (C) A, = 4 > 0, A, = 0; the form is of the parabolic 
type. 
306. (a) The characteristic equation has the form 
—~A 2 2 

2 3-A -1)=0. 

2 -1 3-A 
The roots of the equation: A, = A, = 4, A; = —2. The canonical form of the 


form: 4&2 + 4€2— 2&2; (b) 862+ 82+ 5é2 is the canonical form of the form. 
307. (a) The characteristic equation is 
6-A -2 2 
—2 5-k 0 
2 0 7-A 


= (6—A)(5—A) (T—A)—-4(5-A)—-4(7—-A) = 0, 


or 
(6— A) (S—A) (7—A)—8(6-—A) = 0, 


has the roots A, = 9, A, = 6, A, = 3. The eigenvector x! is found from the sys- 
tem 
—3x,—2x2+2%x3 = 0, 


~2x1—4X2 = 0, 


3x1 —2x3 = 0. 
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x : 
Hence, x3 = X;, —2x. = X,;. The vector y! = (x1 aac : x1) is a solution of the 


system. Normalizing this vector, we obtain 


y! 2 1 2 
-—— mm) es 
Ty (3 3° 5): 


Analogously, we obtain 
x2. — ( —_ 3 2 5) x3 — (= 2 —. 7) 
- a Be By’ ats ic ee ae By 


The canonical form of the form: 9&2 + 6£2 + 362. Orthogonal transformation: 


2 2, 1 2 2 
Xy = A eT zits 3 ae X2=— Bits seta Se 

2 2 1 
X3 = “g Sit-g $273 Se 

2 2 1 
(b) 1844+ 188498; x= S4- Ft abs 
2 1 2 1 2 2 

X2=— 4 S1-y Satz Sa Xg= 7 Sitgeets So 


308. (a) AC—B* = 9>0-—a curve of the elliptic type; 3(x—1)*+ 
+3(y—2)? = 12; = x-1, 9 = y—2; 36437? = 12—a circle of radius 2. 
(b) AC-B? = 6> 0—a curve of the elliptic type; 3% +27? = 6—an ellipse 


with the semiaxes a = 4/2, b = 1/3. 

(c) AC— B’ = —2 < O—a curve of ay hyperbolic type; ¢?—2n? = 2—a 
hyperbola with the semiaxes a = - 4/2, b= 

(d) AC— B? = 9 > 0O-~a curve of the cilipiic type; 36°-++ 37? -- 0O—the point 
(0, 0). 

(e) AC — B = —2 < 0-—acurve of the hyperbolic type; ¢°—27 = O—a pair 
of intersecting lines £—+/2n = 0, 4+4/2n = 0. 

(f) AC—B* = O—a curve of the parabolic type; 4¢— 377 = 0—a parabola 
with the axis of symmetry &. 

(g) AC— B* = 6 > O—acurve of the elliptic type; 36% +2? = — 1—an imag- 
inary ellipse. 

309. (a) AC— B® = —16 < 0—a curve of the hyperbolic type; A, = 8, 


2 =—2; 
1 
_(f—1), 
v= (_ a) va (-4, ‘); ve 
viva “(Cvavdi ) or 
V2 


8? — 2? — oy Ae )-T+n)- 13=0 


is the equation of the curve in the system (é, 7). This equation can be written as 


follows : ; 
1 
8(¢—-—~} -2 = 8, 
( va) A) 


/ 
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The translation 


1 3 
u = v= n+-— 
V/2 V2 
reduces the equation to the form 
y ie 
¢ oe ae = 
y \ E u 4 1. 
7 \ This is a hyperbola (Fig. 63) with 
the transverse (real) axis u. The ge- 
qu neral transformation of the coordi- 
|» nates has the form 
= ZN ; 4 
pt ss ‘ xX ey ( - 
\N Vp — {u-v+—-}, 
~| RSS : /2 /2 
‘ ™. 
\ =a pe . (ute ;) 
V2 V 
cS (b) AC— B* = 576 > O—a curve 
\ of the elliptic type; 
Fig. 63. Ay = 32, he = 18, B <= 0; 
1 
x= —=(¢-y), 
; (J ) ; ( 1 A V2 
LS [Ss Ss, ES eee, Ss 
V2 V2 V2 v2 1 
/2 


3267 + 1877 + Loa i apse (ater ye 224 = 0, 
V2 V/2 
re ae = 288; 
9)" 


9 +46 = TN 


—- = 1—an ellipse with the semiaxes a = 3, b = 4 (Fig. 64); 


1 as 
x= Le v—v/2), y= ——--(u+v—*/2). 
V2 V2 
(c) AC— B® = 0—a curve of the parabolic type; 4, = 25, A, = 0, B < 0; 
3 4 4 3 
1 {__ alennien 2— ty, th eee, 
w= (5: 5) ' ( oe si 
x = — (36-4), 
1 
y = 5 48430); 


2se— "2 (38-4) — (46+37)-5S0=0, (€-—2)? = 27+3); 4 = §-2, 
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Fig. 64. Fig. 65. 


v = 4+3; u2 = 2v—a parabola with the axis of symmetry v (Fig. 65); x = 
ai = Gu-4v +18), ee — = (4u+30-D). 


410. AC— B* = 0—a ae of the parabolic type; solving simultaneously the 
equations of the straight line and the curve, we obtain the equation 


x?(2—k)?+6x+1 = 0. 
The discriminant of this equation has the form 
9-—(2—k)? = (14+k)(5-k) (k # 2). 


(a) Therefore for k = —1 and k = 5 the straight line has one common point 
with the curve. For k = 2 the straight line y = 2x and our curve also have one 
common point; (b) -1<k<5,k #2; (k<-1,k>S5S. 

311.k =-—3,k = 1/3. 

312. x242xy +y?—x—3y = 0 (parabola, AC— B? = 0). 

313. (a) (x +1)? +( +2)? +2 = 93x41 = ¢6,y42=7,2=C;84774+0l = 
= 9—the surface of a ball of radius 3. 


2 em 
(b) ae Se a = J—an ellipsoid with the semiaxes, a = 2, b = 2, 


2 4 
c = 2. 
ee gle ee ‘ : 7 
(c) to a = 1—a hyperboloid of one sheet with the semiaxes a = 2, 
b=v/2, c=2. 


(d) 6? +21? = 2¢—an clliptic paraboloid (p = 1, g = 1/2). 
(c) = —1*— = = 1—a hyperboloid of two sheets with the semiaxes 
a=2, b= i? c= 2. 
(f) ae Tg: = 1—an elliptic cylinder (the equation contains no £). 
314. (a) The characteristic equation has the form 
11-A 8 2 
8 5S—A —10 | = —A3418A?+81A- 1458 
2 —10 2-A 
= A*X(18—A) 4+-81(A—18) = (A2?—81) (18—A) = 0. 
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Its roots: A, = 18, A, = 9, A; = —9. Find the eigenvector from the system 


(11—A,)x,+ 8x2 + 2x3 _ 0, 
8x,+(5—A,)x2- 10x35 = 0, 
2x\- 10x. +(2—A,)x3 => 0, 


—7x,+ 8x_+ 2X3 = 0, 
8x,—13x,—10x; = 0, 
2x1- 10x. — 16x, = 0. 
The rank of the matrix formed from the coefficients of the system is equal to two 


(all the three eigenvalues are different). Therefore we solve the system of two 
equations (in this case of any two): 


—7Tx,+ 8x. = —2x3, 
8x,;—13x_, = 10x3, xX, =—2X3, Xy = —2K3. 


The vector Vv = (—2x 3, —2x3, x3) is a Solution of the system; normalizing it, we 
get the eigenvector 


x! = (2/3, 2/3, —1/3). 
We find in a similar way: 
x? = (2/3, —1/3, 2/3), x? = (—1/3, 2/3, 2/3). 


The linear orthogonal transformation 
2 2 1 1 2 
MH Zesty sey se X2= 3 S17 Satay Se 


1 2 2 
X3 >= aes er sata Es 


reduces the quadratic form to the form 
Aye5 + AE3 + A368 = 1862 + 963 — 962. 
The equation of the surface relative to ¢,, ¢., €, takes the form 
186? + 962 —9£2 + 2,4 26,4+263+1 = 0. 
The canonical form of the surface (4 = = E+ qe i = ¢, fee » Uy = &5- 5) 
— 1805 —9ug +905 = 17/18 


is a hyperboloid of two sheets. 

(b) The’ characteristic equation is A(A—4) (A—2)—8(4—A) = 0, or 
(4—A)* (A+2) = 0 (we expand the determinant in terms of the elements of 
the first column). The eigenvalues: A, = A, = 4, A, =—2; the eigenvectors 


\o 


= (Je de a 


t 


a 


Answers 147 


Orthogonal transformation: 


xp = -——f,- = — §3, 

a Zi - Ta 6 
5 1 

X2 = 0-6, V0 Ve 

wets eae : &5. 


V5 V300 «(V6 
Canonical equation of the surface: 
— 2u? — 2u§ +u3 = 
is a hyperboloid of revolution of two sheets. 
315. Ellipse 4 es = 1 with the semiaxes a = 3, b = 1/3 in the plane 


x = 2. Its vertices have the following coordinates in space: 


(2, 3, 0), (2, F 3, 0), (2, 0, /3), (2, 0, —1/3). 


—the equation of the projection on the yz-plane. This is the equation of a circle. 
x?—2xz+5z?-—4x = 0, 

(b) 
y = 0, 


—the equation of the projection on the xz-plane. This is the equation of an 
ellipse (AC— B? = 4 > 0). 


x?+4xy+5y?—x = 0, 
(c) 
z=0, 
—the equation of the projection on the xy-plane. This is also an ellipse. 
3\2 1 
318. Parabola: ( -5) = 3(2+}. 
319. z= c. Hint. Regard the equation of the surface as an implicit one: 
x? Zz y? 
F(x, y, 2) = +e - —-1=0. 
Then the equation of the tangent plane at the point (%, yp», Zo) has the form 
OF 
(S-) @-10+(F) 0-904 (FE) @-20 = 0. 
321. (a) x?+4y? = 2z—a paraboloid of revolution or an elliptic paraboloid, 
(b) ess ay a 


322. ms (3, 4, —2), (6, —2, 2). Hint. Pass to the parametric equations of the 
straight line. 
(b) The straight line and the surface have no points in common. 


—, = 1—an ellipsoid of revolution. 
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324. 9X*—16Y?—16Z72—90X +225 = 0. Hint. By virtue of symmetry, it is 
clear that the directrix is a circle obtained in the section of the sphere by the 
plane x = a. The value of « is found as the abscissa of the point of tangency of 
the straight line passing through the point S and touching the great circle 
x?+ y? = 9 in the xz-plane. 


Chapter 4. 


325. (a) x*+4y* < 1—the interior of the ellipse with the semiaxes a = 1, 
6 = 1/2 including its boundary (Fig. 66). : 
2 2 

(b) >"> <= |—the region between the branches of the hyperbola with 
the semiaxes a = 3, b = 2 including the branches of the hyperbola (Fig. 67). 

(c) py? => 4x—the exterior of the parabola, including the curve itself (Fig. 68). 

(d) The entire plane except the origin (0, 0). 

(e) x+y > O—the half-plane above the straight line y = —x (Fig. 69). 


ANS 
SGK> 


\\ an G Uf 
\ Wa VG," 


(f) | y/x| = 1, x 4 O. The part of the plane adjoining to the .-axis between 
the straight lines ois mi excepting the origin (Fig. 70). 


326. (a) vt v+5 +—, =< 1—the part of space found inside an ellipsoid with 
the semiane a, b,c ae the surface of the ellipsoid (Fig. 71). 

eee 

(b) 5 + ie 3 

one pee including its surface (Fig. 72). 


(c) x?+y* < 2z—the part of space found inside a paraboloid of revolution 
(Fig. 73), 


<= |—the part of space found inside a hyperboloid of 
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Fig. 75. 


2 2 2 
(d) a= 3 — <= |—the part of space found outside a hyperboloid of 


two sheets, including its surface (Fig. 74). 

fe) |x| =< 1,|y| = 1,|z| <= 1—tthe interior of the cube centred at the origin 
with edge equal to 2 including its faces. This cube is bounded by the planes 
x=+1,y =+1, z =+1 (Fig. 75). 
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327. f(1, 0) = 1; f(1, 1) = 2; £Q, 1) = 9/2. 
328. f(x, vy) = (x*— y”)/8. Hint. Introduce new variables: u = x+2y, v = 
= x—2y. 


329. (a) + Bt = 1—c—ellipses (c < 1); for c= 1—the origin; for 


c> jedan, ellipses which means that the plane u = c does not intersect 
the graph of the function; 

(b) y= cx*—parabolas with the y-axis as the axis of symmetry. For c > 0 
the parabolas are found in the upper half-plane, and for c < O—in the lower 
half-plane. For c = 0 we obtain the x-axis. 


330. o = 1-22 +0—12 40 —0) = V3. 


1 1 
i o— . k NM? = =a 

331. The point M (0,1); o(M®, M®) v/a Tit Ga? 0, 
k + 09,” 

332. All the points of the set FE, = {|x| < 1, |y| < 1} C E are interior. 

333. (a) Yes, E is the interior of the square bounded by the straight lines 
+y =+x+1; (b) no, Fis the interior of a hyperboloid of two sheets. Therefore 
it is impossible to connect two points found in the upper and lower sheets of the 
hyperboloid by a continuous curve belonging to E; (c) no. 

334. (a) 2; (b) does not exist; consider the approaches to the point (0, 0) 
x=y;xx#0, y=0 

335. c = 0. The limit of the function +/1—x?—4y? is equal to zero as the 
point (x, y) tends to the boundary of the ellipse x? + 4y? = 1. 

336. (a) No; (b) the limit of the function in the direction of the vector 

= (@,, @,) is equal to oe ; therefore the function will be continuous 
at (0, 0) only in the direction of the vectors w = (1,0) and w(0, 1), i.e. in the 
directions of the coordinate axes. Hence, this function is continuous at (0, 0) 
with respect to the variables x and y separately, and is not continuous with 
respect to both of them simultaneously. 

337. Hint. The function u = 1—x?—y? is continuous on the entire plane. 


338. ui, = 3x?, uy = 2y—2x, du = 3x* dx +2(y—x) dy. 
339. u, = 2xy, uy = 3x*y?, du = Ixy? dx +3x*y? dy. 


ee er 
Caer xB t (x+y) 
du = ON ie i ° 
Vxtty Vat ty (x42? +y) 
, omy ram x ee ~y dx +x dy 
341. (a) uz = x? + y? 9 Uy a x? 4 y? ’ du <* x?+y? 


() y+, Wy = x Se, du = (»+—) dx-+x(1-—3) dy; 

(c) up = yx¥}, 2 uy =x¥Inx, du= yx¥"1dx+x"ln x dy; 

(d) uz, cosh (x+y), u,=cosh(x+y), du = (dx+dy) cosh (x+y); 

(e) ui, = sinh (x*y+sinh y)-2xy, ui, = (x? + cosh y) sinh (x*y+sinh y), 
du = [2xy dx +(x*+cosh y) dy] sinh (x?y +sinh y). 


342. (a) d=r; (bd) 4 = 4rp-1. 
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Ou _, Ou Ox | ou Oy =— et *? 1 


+. 
Ot Ox Of Oy O 24/x+y 2Vxtyt 
ert+e-) Ou 1 Sted ett Ou 


— 2a/et rine OT  2A/x+y 2VetT+ Ine Ot 
= —ysin (t+7)+.x cos (t—t) = —sin (t—7) sin (+7) + Cos (f 4-t) X 
Xcos (t—T) = cos 21, ou = —y sin (t -+-t)—x cos (t—T) = —cos 2r. 

344, (a) grad u = {2, 1} (Fig. 76); (b) grad u = (4, — 6} (Fig. 77). 


Fig. 76. Fig. 77. 


| Ou _V341. Ou ale 
345. (a) aa (grad u, n) = ar a (b) ae (grad u, n) = 2+/3-3. 


346. gradu = {4, —6}. The unit vector of this direction mn = 


2 —3 Ou 2 —3 26 
Se es Boe, yd Ae tO gee = 24/13. We may write 
ar /13{° dn, 4/13 4/13 ~ 4/13 
Ou 


at once that ot [grad u| = 24/13. This is the maximum directional 
0 


derivative. 
347. (a) Let « and £ be angles formed by the gradient of the function with 


_— uP) V3 
the x- and y-axes, respectively, cosa = jgaduP)l ~ 2” 
u,(P) sees, Bok 2: ; = zs 
ar rer call => a=2/6,B =2/3; (b) c=2/3, B= 2/6. 
Sa, Se, tee cee 
348. (a) u'; = 2 (x? +y)? 5 Ue =F. (x? +y)? 9 Uy = (x? + y)? > 
d’u = [2(y—x*) dx? —4x dx dy— dy" (x? +y)*. 


cos B = 


+ —y? fi xy - Be 
) ee Gay pe? oy Gay yh? Gay yam? 
du = —(ydx—x dy)/(Qxy+y*)3”. 
Of, Ou _ Of Ou ,, of 
ae “82% Bxdy BEG’? B®” Oy? 
au= af dx? + 2abf., dx dy+b'f’, dy’; 


351. (a) 2 
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Ce ea, AO es eT 
Ox? OE? «OE Gy | Or?” — Ox Oy ~—SOEZ_—s O7?'’ 

CW. OF 5 8S yg OF 

Oy? 0&2 “OE Gy | Oy?’ 


ee o*f 2 Of. 2 2 of 2 

“= aE (dx | dy)" +2 af ay (dx*—d) +e (dx —dv)*. 
Wi dy~ Se a eta 
352. (a) u—5 = 2v—-1) | 4(y--2), iia ager 
(b) u—1 = Ax—2)-+2(y 4-1), x52 = Mee = ut 


353. (a) by Taylor’s formula, 
Au = uit+h, 2+k)—u, 2) = du} d?u = 4h—3k4-W—k?+kh 


(the derivatives of order higher than 2 are equal to zero); 
(b) Au = 2h+k 4-h? 4-2hk + Wek. 


354. y-+xy i (3x*y—ys). Remark. It is possible to take advantage of 


one-dimensional Taylor’s formulas for the functions 
2 3 3 


e = 4x45; 45+ .eey = SIN = y- 3+ ne 
355. p+ DFO FD) r Si eee ae ee 
i: [(x—1)8 + 3(x— 1)? +1) 430-1 +1? 4+041)8 
3! 
= HY) ty? Oe +y)! 


1! 2! 3! 


356. (a) 0 = 1/2; (b) 36°+20 = 2, 0 = (o/7-1)/3. 

357. (2, 0)—a stationary point; z= 2, 2), = 4, Ze = 0; a), = 22 (2, 0), 
Qo = Zi. (2, 0), a. = il (2, 0), 4,,4..—a2, = 8 > 0, a,, = 2 > 0, hence, 
at the point (2, 0) the function has a minimum, Z,,, = 0. 

358. Stationary point (2, 0); @,,@..—a?. = —8, no extremum. 

359. Stationary point (0, 0); a,,; = 0, doo = —4, Gyo = 4, Gy1Q99—a%, = 
= —16 < 0, no extremum. : 7 

360. Stationary points: (0,0), (++/2, rV/ 2); 2, = 12x?—4, Zi = 12)?-4, 
Ze = 4; 24 (+/2, =v/2) = 20, ZALY 2, $v/2) = 20, 1129 — Bio = 
= 396 > 0. At the points (1/2, —+/2), (—+/2, +1/2)—a local minimum. At 
the point (0, 0) Qy, > — 4, dog = — 4, Qin = 4, Q11Ao9— a, = 0. The question 
on extremum remains undecided. Investigating the increment of the function 
on the straight lines y = 0 and y = x, wemake sure that there is no extremum 
at the point (0, 0). 

361. Unain = —4/3 for x = —2/3,, y=-1/3, z= 1. 

362. (a) The function has no greatest value; sup z = 2. The function is 
discontinuous. 
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et = a er ne ne a a ee 


(b) Has. The domain of definition |x| < 1, || =< 1 is closed and the func- 
tion ziscontinuous on that domain, therefore it has the greatest value; (0, + 1)— 
a stationary point; z(0, +1) =+1/2; at the boundary of the square at the 


points x = +1, y = ~/3—1 the function reaches its greatest value equal to 


(1 +4/3)/4. 


a ee oe cn ON ,_ dy 
363. F(x, y) — Ge -|- pT! = 0, F. = m3 ‘ I, he 
na A LA 
dx Fi, ay? dx® ay? 
Oz zsinx—cosy Oz xsin y—cosz 
3644. — = ———_———_, ~~ = ——_—.. 
Ox cosx—ysinz Oy cosx—ysinz 
366, 04 . 9v/D@»)  & __ av/DE,¥) 
"ax 8v/ Diu, a Ox Ou} Du, v)’ 
ou = Op /{DY,.y) ov _ oO pe ) 
Oy - Du, v)’ Oy ~— Bu | Du, v)’ 
DY, Y) _|Pu Po 
where Du, ») ~ [we ysl 
Oz Cs Oz oc _ Oz Ov 
367. Pen? sin v, ag ee Hint a ae 


The derivative oe is found from the first two equations by regarding u, v 


as implicit functions of x and y. 


ree YoY — = 


. 368. (a) x +64/3z-37*/3 = 0; (b 3 


369. x +4y+6z = +21. 


= x  yr-a_zta 
370. x+z+a = 0, "aes las a Cl 
371. A square (S = xy,2x+2y=/, Lagrange’s function L = 
= xy +A(2x+2y—J)). 
372. Method 1. Reduce the equation of the ellipse to the canonical form. 


2 
The eigenvalues 2, = 9, A, = 1; 9€? +77 = 9, e+e = 1. Hence, the semiaxes 
of the ellipse: a= 1, b= 3; 2a = 2, 2b= 6. 


Method 2. The given ellipse is situated symmetrically about the origin, 
therefore the square, of the distance from the origin to the point of the ellipse 
(x, y) equal to x*®+y? attains the greatest (least) value when the point (x, y) falls 
on the major (minor) axis of the ellipse. Therefore it is necessary to investigate 
the function ie = x?+y? for a conditional extremum with the restraint 
5x? +8xy+5y" = 9. 

373. An equilateral triangle. Hint. S = «/i(/—x) (/—y) (—z), x +y +z =2l, 
x, y, z being the sides of the triangle. We substitute the value /—z = x+-y—/ 
into S, and investigate the obtained function for an ordinary extremum. We 
may also investigate the problem by writing Lagrange’s function: 


L(S, A) = S+A(x+y4+z—21). 
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Chapter 5. 
. 1 1 1 

374. (a) S=1. Aint. nn+1) = ae ok ° 

13 1 1 1 1 
ea al (nt+1)(n+4) 3 (“34 -wra) 

nil 1 171 1 1 1 1 

So 2 Ganqsn a ls phe al: 
(c) S = 1/4. Hint. 
5 wal: 
n(n+1)(n+2) 3 | orn ee 


375. Hint. When proving the divergence of the harmonic series by Cauchy’s 
test, consider 


i 1 1 
ai al = Gey Se 
: n+1 1 
377. Diverges (= _> > Fao 0). 


1 1 1 
Jen ~/n+2n nrv/3 . 
379. (a) Converges \/ me a (b) converges, - eae 
af 4 9 moi Pe?’ g 9 ke+1. ke’ 


380. (a) Diverges; (b) and (c) converge. Hint. Apply theorem 1 of Sec. 9.4 
from [1]. 

381. Converges. 382. Converses: 383. Converges. 384. Converges. 
385. Diverges. 


386. Converges for « > 1; diverges for 0 < e <1. 387. Converges. 
1/n 


378. Diverges 


2 1 
388. (a) Converges, u,, =< 3,32 > (b) converges, u, < | x38 dx = ant 389. Con- 


0 
verges conditionally. 390. Converges absolutely. 391. Hint. |a,b,| = 


ay + bj 
= a 392. (a) x >1; (6) x > 0; (C) —-wo<x<oo; (d) -I< 
<x<0, O<x<l. 

393. (a) Converges uniformly to zero; (b) converges uniformly to zero; 
(c) converges uniformly to zero; (d) converges nonuniformly to zero 


( max f(x) = = -/> 0). 


O<2z=1 


—= 


395. (a) The given series is convergent for —1 < x < 1. The differentiated 


series y x"-1 converges uniformly on the set [— 6, 6] for any 6 < 1. There- 
1 


oo 


fore termwise differentiation is valid on the indicated set. Let S(x) = y x”/n, | 
J 


then S’(x) = }' x"—' = 1/(1—x). Integrating, we obtain 
1 
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5(x) = | Sj--ma-of =-ima—» (-1 <x < 1). 
0 


(b) The given series is uniformly convergent for |x| < 6 < 1, which can be 
checked by D’Alembert’s test. Therefore it can be integrated termwise: 


f so a- E Pb. fey | = y ys =. (lIx| <6 < 1). 
0 n=} I-x 
Differentiating the last equality with respect to x, we get 
| 1-x? 
S(x) = (ix? (xl<); © SQ)= (ax? (lx| < 1). 


396. (a) R = 1,(—1, 1), for x = +1 the series converges; (b) R = 0,x = 0; 
c) R = 1/3, (—1/3, 1/3), for x = +1/3 the series diverges. 


3 3 2 
397. (a) x43 4 23 OM x-FH 5s © e(1- + aa) 


oo yeni 
398. (a) p> oT Ona (-co< yy < oo); 
xen tl 
(b) x- +a — +H—D"" Gaypet . (-lsx<=)) 


Hint. ea the function arc tan x into Taylor’s series in powers of x. 
+ 
399. 32.831. 400. ett) » “2 =7” =] (|x| < co). Hint. et = eFe7*?, 
n=1 


Chapter 6. 
401. (a) y—2xy’=0; (b) yw’ =0; ©) y=y; (d) x+yy’ = 0; 
(e) y’’—-y’—2y = 0. 
402. (a) Isoclines are straight lines x = k (straight lines parallel to the y-axis) 
(Fig. 78). The exact solution of the equation is y = © 40. 


(b) 1+y? = k—isoclines, k = 1. These are straight lines parallel to the 
x-axis (Fig. 79). 


Fig. 78. 
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(c) isoclines: x = —k (Fig. 80). 

403. y= C(x+)De"*, x =-1. 

404. In |x| = C++/y? +1. 

405. 1—e7* = Ce’. 

406. y = —2/(1+C exp (—x°)). 

407. y = (x—-2)*. 408. y = 2-—cos x.. 


409. y = Cx°, 3y = xy’ is the differen- 
Fig. 80. lial equation of the family of curves. 


410. 0.5 kg. Hint. Write the differential equation of our problem. Let y(t) be 
the amount of salt in the tank at time ¢. Let us find out the change in salt con- 
tent during the time 4 (from the instant t to t+ 4t). Since, by hypothesis, 5 
litres of unsalted water is supplied per minute, during the time 4t, 5 4 litres 
of water will be supplied. This quantity of water will contain 5 Jt-0 = 0 kg of 
salt. One litre of the solution contains Ae) kg of salt, hence, the salt content in 
the flowing out mixture will amount approximately (with an accuracy up to an 
infinitesimal of higher order than 4) to 


WO 


Thus, the solution, inflowing during the time 4t, contains 0 kg of salt, while the 
solution, flowing out of the tank during the same time, contains 0.05 At y(t) kg 
of salt. The increment of the amount of salt during this time 


y(t + At)— y(t) + O—0.05 At y(t). 


Dividing by At and passing to the limit as At + 0, we obtain the differential 
equation 


y(t) = —0.05 y(t). 


The general solution of this equation has the form y = C exp (—0.05z). 
By hypothesis, y(0) = 10 kg, hence, C = 10. In ¢ = 1 hour = 60 min we obtain 
(when deriving the equation, we supposed the change in time to be in minutes) 

y(60) = 10 exp (—3) = 1/2kg.  _ 

411. t, = 40 min. Hint. If 6(¢) is the temperature of the body at time ¢, then 

the differential equation of the problem will be written as 


do 
ap = ~ MO) 20). 


The general solution of this equation 6(t) = 20+C exp (— kt). The constant C 
and the proportionality factor k are found from the conditions: 6(0) = 100, 
6(10) = 60, C = 80, A = 0.1 In 2. 

Further, 0(t,) = 25, i.e. 25 = 20+80 exp (—0.1f, In 2). 

412. x°+CQ+x)=0; x=0, 413.y=0; xQy—x) =Cy. 

414. y = Cexp()/x). 

415. The general solution: x3(y +C) = Cy. 
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2x* 
416. x = Cexp (53-3) 
417. The equation is reduced to the form 


: 2 
y= x(c0s* +33), 


ie. a = 2, f(t) = cos?¢+2t. The solution is carried out by the substitution 
y = tx*, We may also take advantage of the formula derived in [3], Sec. 1.3, (7): 
dt 
(t 


x = Cexp Foon = Cexp lf Sr = C exp (tan £) 


y 
= C exp (tan 2). 


418. Hint. Set up the differential equation of the problem (see Fig. 81). 
Let M = (x, y) be the point of tangency; MN tangent line; ON 1 MN; by 
hypothesis, ON = OP = |x|. If 

Y=y= y(X-x) 
is the equation of the tangent, then 
|—yt+y’x| 
Vi+y? 
is the distance of the point (0, 0) from the 
straight line MN. Thus, 


ON = 


whence 
(x?—y") dx+2xy dy = 0. 


This is a homogeneous equation. Its general solution: Cx = y*+.”°. 
419. The equation is reduced to the form 
,_ 1 4 oe ee See 
yg toy) = xz SOY); 


i.c.« =—1, f(t) = 4-t—-1t°. The general solution: 


420. (a) The equation is reduced to the form 


, 


—] ; 
Y= 32 (2+.x?y*), 


ie.a=—I, f(t) = -4 (241°). The equation can be solved by the substitu- 
tion xy = ¢ or by the formula (7) of Sec. 1.3, [3]: 


recalling cba) eA) 
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(put C3C = 1) 
asd! a OO (c* =-4) 
i= x(Cx®@—1) x | x(Cx¥8-1) 7 x | C*xPB Lx ~ Cy 


(b) Substitution: yx-* = ¢. 
421. y = Ce~*%42x-1. 422. y= Cx*?+x*. 423. y= ein |x|+C). 
424. y= ft . 425. y =x(C+sin x). 


426. x = sin y(C—cos y). The equation is linear with respect to the function 
x = x(y): 


a = sin? y+x cot 
dy ~~ y Jy. 


427. y = 0; y? = —1/[3 cos? x(C +tan x)]. 428. y? = Cx*—2y. 429. y = 0; 
y=x'In?|Cx|. 430. y= 0; yp = 1/0e?4+Cx). 

431. (a) Yes. All distance axioms are readily checked. 

(b) Yes. The first and second axioms are obvious. Check the triangle in- 
equality: o(x, y) = o(x, z)+ ez, y). 

Ifx = y = z, then0 <0+0;ifx =),z# x, thenO0<141 = 2;ifx # y, 
x=z2,then1=<04+1=1;ifx #~y,x #z,y # z, then] <1+1 =2. 

432. Yes. The first axiom: if f(x) = g(x), then e(f, g) = 0. Conversely, let 
o(/, g) = 0. Then 


b 
| L7@)-sWor dx = 0, 


Since [ f(x)—g(x)]* is a nonnegative continuous function on [a, 5], we have 
[/(x)—g2(x)]* = 0, i.e. f(x) = g(x) (see Sec. 6.2, theorem 8, [1]). The second 
axiom: o(/, g) = o(g, f) is obvious. The third axiom: we have 


| L/(x) + Ago)? dx = 0 


for VA, i.e. a quadratic trinomial with respect to A 


b b b 
| fx) dx +24 { f(x) g(x) dx 2 { g(x) dx = 0. 


This is possible if the discriminant of the equation is nonpositive: 


) b 


( f f(x) gx) a) - | fer ax | ea)dx <0, 


whence 


b b, 2, 6b 1/2 
i Z (x) g(x) dx|< f f(x) ts ( | g(x) | 
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(Buniakowski’s inequality for integrals, see also [3], Sec. 4.8). Further, applying 
Buniakowski’s inequalty, we have 


i Lf (x) +e(x) Pax 


b b 
< | 1/@) +211 FG)1dx+ | FG) +80) I-12 | dx 


b 27 b 2 78 1/2 
< ( | V@+2@r | ( [ re | | | g(x) | | 


b 1/2 b 1/2 5 1/2 
( | [/@) +eO)/ | < | ras + ( | g(x) | 


a a 


or 


(Minkowski’s inequality for integrals). Now, by Minkowski’s inequality, we 
obtain 


b 1/2 
olf, g) = ( i [S(x) — g(x) FP | 


= ( | {LF (x) — (*)] +e) — ea)? | 


b 1/2 b 12 
< ( i [ f(x) — ex) P | -( | [p(x) — g(x)? és = Of, p)+ +09, g) 


for any function g(x) continuous on [a, 5]. 


1/n 1/2 1 
433. a < 1/2. Hint. o(f,, 0) = f nea | =n *, 


0 


434. No. The fundamental sequence {3--\ converges to the number 3 
which does not belong to M. 

435. (a) Yes. o( F(x), F(y)) = |FQ)—FYy)| = |x?-¥7 1 = lx-yl-ladyl s 
<|x-yldxl+ly)s <3 |x—y| = a(x, y), where « = 2/3 < 1. 


(b) No. Ifx = 1, y = *o then |F(x~)—-FO)| = 1 = 1|x- il: a Y 
436. x59 = 1/2,x, = F(x;,) = 1/27, x, = 1/24, ...,X_, = 1/2” 
437. (a) X = 2/(1 +4/5). Yes, since ~ 

4 


1 
max |F’ = max ——,=--— <1. 
eo @)| 2<2<1(1+x)’ 9 


(b) The axis x, = 0; (c) the straight lines x, = O and x? = |. 
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438. (a) 6 < 1/36. Hint. According to the existence theorem, 
6 < min {a, 1/N, b/M}, 


where 


» M= max | f(x, y)\. 


In this case M = 36, N = 24. The solution of this problem has the form y = 
= 2/(3—2x?). Thus, as x + +/3/2 the solution y(x) > co. Hence, in fact the 


solution exists in the interval (0, +/3/2), which exceeds the interval (1—64, 
1+) (6 < 1/36). 
Note that within the entire interval (, 2) = (1—a, 1+.) the solution of this 
problem (with the indicated initial conditions!) does not exist. 
b 


~ 1 1 
(b) d< a= / 2/4. In the present case a = WW Ba’ Thus, the 


solution exists in a minimum possible interval [— 6, 6] (6 < a), i.e. the existence 
theorem yields a nonimprovable result in terms of the size of an interval, where 
the solution for the given right-hand side of /(x, y). 


439. y(1) + 1.248. Hint. When equations are solved approximately, it is 
always recommended to determine the interval (x,— 6, x5 +6), where the solu- 
tion y(x) exists. The number 6 is found from the existence theorem. If the point 
at which we are interested in the value of the solution belongs to the indicated 
interval, then we may apply Euler’s method. This problem illustrates the appli- 
cation of this method. The equation can be solved. Its solution satisfying the 
initial condition, has the form y = exp (x?/4), i.e. the solution exists throughout 
the real axis and, therefore, we may apply Euler’s method without any limita- 
tions. By Euler’s method, 


yl) = yothy> F Xu» Vx) 


where Xo > 0, x, >= 0.1, ceegXg = 0.9, X10 = 1; Yo = 1, Yi = Yot 
thf (Xo, Vo)> «++ Yo = Yat hf (xe, Ys), Vio = Yat hf(X9, ¥9). Hence, y(1) * yro. 
All these computations can be tabulated: 


= 
% 
r 


Vk | Lf (Xus Ye) 


0 0 1 0 

1 0.1 I 0.005 
2 0.2 1.005 0.010 
3 0.3 "1.015 0.015 
4 0.4 1.030 0.021 
3 0.5 1.051 0.026 
6 0.6 1.077 0.032 
7 0.7 1.109 0.039 
8 0.8 1.148 0.046 
9 0.9 1.194 0.054 

10 1 1.248 se 
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The true value of the solution y(1) = exp (1/4) = 1.284, i.e. we have obtained 
an approximate value of the solution with the correct first decimal digit. 

440. »(2) ~ 4.781 (the exact value of »(2) = 3(e—1)). Hint. The solution of 
the equation exists throughout the number axis. The general solution of the 
equation: y = Ce*—x-—1. 

441. (a) y = C exp (+x) (Fig. 82). No singular solutions. 

(b) p(x +C)? = 1, y = 0 (Fig. 83). No singular solutions. 

(c) (x +C)?+y? = 1, y =+1 are singular solutions (Fig. 84). At each of 
their points the integral curves y = +1 are touched by one more integral curve 
(by a circle). 


C>0 


C<0 


Fig. 85. 


(d) y (1 +(«—C)*] = 1; y = 0; y = 1 is a singular solution (Fig. 85). Note 
that y = Ois not a singular solution. This integral curve is not touched by other 
integral curves. 

(e) x?+C? = 2Cy—parabolas; y = +x—-singular solutions (Fig. 86). 

(f) (Cx +1)? = 1—y?— ellipses; y = + 1—singular solutions (Fig. 87). 


Hint. Singular solutions can be sought for in different ways. For instance, in 
(e), solving the equation with respect to y, we obtain the homogeneous equation 


11 
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(x ~ 0). If the partial 


derivative with respect to y of the 
right-hand member of the last equation 
becomes infinite along a smooth curve, 
then this curve can be a singular solu- 
tion. In the present case 


y , ytvV/y?—x? 
ree 


0 x oO yyy? —x? 
Oy x 
“| aka 
Fig. 86. xl Vy-x? 


for y =+.x. By checking, we make sure that y = +x are solutions of our 
equation. It can be readily ascertained that these straight lines are touched at 
every point by one more integral curve of the family x?+C* = 2Cy. Hence, 
y = +x are singular solutions. 

The same solutions can be found from the system 


x2+C7-—2Cy = 0, (x? 4+C?—2Cy) = 0, 


| =chigs 
"SE @t+C8-2Cy) = 0, c-y=0.f[? 


The further investigation is carried out as above. 
442. (a) The given equation does not contain the variable y explicitly. Intro- 
: d 
ducing the parameter: 4 =p, x = p>+p, dy = pdx = p(3p*+1)dp; we 
have 


| N= PY UP, 


4 2 


which is the parametric representation of the solution. 
(b) The given equation does not contain the variable x explicitly. Introducing 


| ee . poe ac 


the parameter a =p, y= p*+2p', dx = °. = (2+6p) dp, we obtain the 


solution 


y = p*+2p%, 
represented parametrically; y = 0 is also a solution of the equation. 


si x = 2p+3p?+C, 
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(c) The given equation does not contain y either. The parameter p can be 
introduced by the formula ay =p. Then x= pv1+p’, dy = pdx = 


dx 
—— 2 
= (vi + p*+ | dp, 3y = (2p?—1)+/1+p?+C. Here the parameter 
JI +p 
can also be introduced by the formula o = sinh p, x = sinh p a/ 1+sinh? p = 


= > sinh 2p, dy = sinh p-dx = sinh p-cosh 2p dp = (2 cosh? p— 1)d cosh p, 


p= - cosh? p—cosh p+C. 
1. 
pate x = -= sinh 2p, 

x = pvV/1+p*, 


or 
= 2 2 
3y = (2p?-1) V1+p?+C cosh® p—cosh p+C 


w| 


>= 


—parametric representation of the solution. 
1 e e e e e 
444, y= xC— C? is the general solution; a singular solution is found 


from the system 


yaoxC +7 C= 0, y-xC +7 Ct = 0, 
re) ee ee Cs 
aC [y-sc+ 7c] = 0, came = 0, 


Carty Van: 


We make sure by a check that y = x* is the solution of Clairaut’s equatioa, 
hence, this is a singular solution (Fig. 88). As is seen from the figure, the parn- 


bola y = x* is an envelope for the family of straight lines y = xC-4 C*. 


445. y = Cx++/1+C? is the general solution. For x = 0, y = 1/1+C? = 1. 
Singular solution: x? +y* = 1. Bearing in mind that the straight lines y = Cx + 
++/1+C? intersect the y-axis at points with ordinate = 1, we conclude that the 
upper half of the circle is a singular solution (Fig. 89). This is 4n envelope of a 
family of straight lines. 


Fig. 88. 
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ee st 


446. (a) y = —cosx+C,x+C.; (b) y= Xe Cyst Cx +o 


447. The given equation does not contain the desired function y in the explic- 
it form. Reduction of the order is obtained by introducing a new function: 
z(x) = y’. We have z’(x) = y”; x?z’ = z*. Thus, we have obtained an equation 
of the first order with variables separable. It is obvious that z(x) = 0 is the 
solution of the equation, then y’(x) = 0, »(x) = C is the solution of the original 


equation. 
Let z ~ 0; then, separating the variables, we obtain 
dz dx 1 1 dx 1 
37, (x # 0), Soe ECL Ag se ee 


x dx x 


1 
Cx aos -@ Inj{Cyx+1]+C, (C, #0). 


2 
IfC, = 0, then z= x, yp =x, y= = +c. 
448. 2y = (1+2C,)x?+C, cos 2x +C.x+C3. Hint. z(x) = y’’(x). 
449. y = —(x+C,) In |\CA(x+C))| +x+C3;3 y = C1 \x+Cs. 
450. The given equation can be solved by the substitution y’(x) = z(x). But 
it is easily seen that 2yy’ = (y”)’, therefore the equation can be written in the 


form 
(y’)Y = 0"), 


v=ytp x= 
+P [= 


Considering the cases p = 0, p < 0, p > 0, we obtain: 


Ci | ‘ 
“| (p =-C}); 


whence 


x= 4 Cy 2¢,xX +C, = In [P= 


y=C,tanC\(x—-C,) (p= Cj). 
Hint. Reduce the equation to the form (xy’)’ = (y”)’. 
452. y? = (C, +x)? +C.. Hint. yy” +y"2 = (yy’y. 
453. The given equation does not contain the argument x in the explicit form. 
The order is reduced by introducing a new function: z(y) = y’(x). Hence, 


y(x) = 2(y) yz = 2, °2. 
The equation takes the form 
2 ae Za Ze y? 
a4 dy y . 


y—C, [Veen 


yrc, 


This is a homogeneous equation. Solving it, we obtain (y 4 0): 
z=t/y?+Cy. 
dy 
V¥+Cy 


| C ——_—, | 
+x+C, = In tz tV Cy ty"). 


Further, 


OY Sey =+dx, 
x 


4 
The function y(x) = 0 is also a solution. 
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454. yIn|y|+x+Cyy4+C, = 0; y= C. Hint. y'(x) = 2(x). 
y 

Cy [ytcCy 
z(y) = y;, we obtain a linear equation with respect to z(y). 

456. The given equation contains x and y. But it is a homogeneous second- 
degree equation with respect to y, y’, y’’. The order is reduced by introducing 
a new function 2(x) by the formula y’ = yz (y = 0). In this case y’’ =)(z? +2’) 
and the equation takes the form xz’ = z. Solving this equation, we obtain z = 
-= Cv. Substituting y’/y for z, we obtain a first-order differential equation: 
y’ = C vp. Integrating, we get vy = C’. exp (C',.v7/2). This solution incorporates 
the solution y = 0. 

457. y= C.xexp(—C,/x). Hint. y’ = y2(x). 458. y = Cye~*4+ Core™. 
459. y= C,+Cy.e** + C3e**. 

460. The characteristic equation has the form: k4—1 = 0. Its roots can be 
found by taking the fourth root of unity. But we can also factorize the left-hand 
member: (k?—1)(k?+1) = 0, whence k, =—1, kg=1, kg =-it, kg =i. 
Therefore the general solution of the original equation will be 


y= C\e77+ Cre? +Cz Cos x+C, sin Xx. 


+O y = C. Hint. On introducing a new function 


461. The roots of the characteristic equation: k, = 1, kp = kz = 2; 
y = Cye*+e?*(C.+C x). 


462. (a) The characteristic equation k1+2k?+1 = 0 is readily reduced to the 
form (k?+1)? = 0. Hence, it has the roots k, = k, = i, kz = ky =—i. The 
general solution can be written as 


y = e(Cy+Ce2x) +e~(C3+C,x). 
Taking advantage of Euler’s formulas, we have 
y = (C\x+C,) cos x +(C3x+C,) sin x. 


(b) y= C,e7+C,e—*. 

464. The general solution of a homogeneous equation is already known to us 
(see Problem 461). It remains to find the particular solution of the nonhomo- 
geneous equation. 

(a) The right-hand side of f(x) = 2e%* has a special form (see [3], Sec. 1.16), 
where k, = 3 is not a root of the characteristic equation, therefore the partial 
solution 

¥ = Ae*, 
where 
2 


= B= 
Hence, the general solution of the nonhomogeneous equation has the form 
y = Cye*+e(C,+C 3x) +e*. 


1, Rak) = k24+5k?48k—4. 


(b) kg = 1 is a simple root of the characteristic equation, therefore the partial 
solution should be sought for in the form ¥y = Axe*. Determining the derivatives 
of y and substituting them into the equation, we find that A = 4. In general, 
we Can prove that 

A = af/Rylko), 


if f(x),= a exp (kox) and ky is a simple root of the characteristic equation. The 
general solution of the nonhomogeneous equation will be written as 


y = Cyet*+e7(Co+Cgx) + 4x07; | 
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(c) ky = 2 is the root of multiplicity 2 of the characteristic equation. There- 
fore we seek for a partial solution in the form y = Ax“e*“. Determining the 
required derivatives of y and substituting them into the original equation, we 
find A = 3/2. In general, it is possible to prove that if f(x) = ae**” and k, is the 
root of multiplicity 2 of the characteristic equation, then 


Qa 
Ae: 
Ry (ko) 


In this case RZ(k) = 6k--10, a = 3. Thus, 


2 3 9 9» 
a Cye* +e"(C’e Fax) + 5- xe", 


465. See Problem 462. (a) y = Z e*. (b) Pass to the functions e+ * according 


to Euler’s formulas; ky = +i are the roots of multiplicity 2 of the characteristic 
e — 1 e — 2 s aes 1 e 
equation. y = —— x*sinx; (c) y= -> (cos x+sin x); (d) Y= -— sin 2x. 


8 9 

466. y = Cye? + Cye-2 = - . 467. (a) $= Aes (b) = 
= (Ax?+ Bxje*; (Cc) y= Acosx+Bsinx; (d) ¥y = (A,x+Aox?4+Agx?+ 
+ Agx4+Agx®)e*; (ce) ¥ = Ayx+A_x?+A,x°. Here the right-hand side 
P(x)e*", ky = 0 is the root of the characteristic equation. (f) 7 = 
= e*[((A,+A.x) sin x +(A3+A4Xx) Cos x]. 

468. (a) Linearly dependent: «-1+f/sin?x+ycos2x =0 for «=-—1, 
B = 2, y= 1; (b) linearly dependent; (c) linearly independent, since their 
Wronskian is not equal to zero; (b) linearly independent (W[x?, x3, x4] = 
= 2x® # 0, x ~ 0). 


469. (a) y = C\x*+C,.x*. Hint. Seek for the partial solutions in the form 
y = x*..The functions x? and x? are partial linearly independent solutions of the 
equation, therefore their linear combination yields the general solution of the 
equation; (b) y = C,x+C,x°; (c) we seek for the solutions in the form y = x*; 
the characteristic equation k*—4k+4 = (k—2)? = 0 has a repeated root 
k, = kz = 2; y = x’ is a particular solution of the equation. We seek for 
another solution in the form y = Ax? In x. It is easy to make sure that for any A 
this is a solution of Euler’s equation. Hence, the general solution is y = 
= (C,+C,1n x)x’; (d) the equation turns into Euler’s equation after multiplica- 
tion of both sides of the equation by x; y = C,+C,x?+C, In x. 

471. y = e” (C, cos x +C> sin x). 


x? x10 
3 99 ° 
473. The right-hand sides of the equations have no special form 


e~*(P,,(x) cos Bx +Q,,(x) sin Bx). 


Therefore the partial solution of the nonhomogeneous equation should be 
found by the method of variation of arbitrary constants. 
(a) The general solution of the homogeneous equation has the form 


C, Cc 
472. @) y= Cyxt2+5; y= Ct + 


y = C, cos x+C,y sin x. 


Regarding C(x), C.(x) as functions of x, let us find them so that the function 
y(x) = C,(v) cos v + C.(x) sin x be a partial solution of the nonhomogeneous 


ee Aer iT 


equation. For this purpose, we have to solve the system (see [3], Sec. 1.17) 
Ci(x) cos x + C(x) sin x = 0. 


—Cy(x) si C3(x) c =——. 
1(*) sin x + C(x) cos x ae 


The determinant of this system is the Wronskian W[cos x, sinx] = 1 # 0. 
Solving the system, we find 

Cy) = —-1, Coty) = cot.v. 
Integrating, we obtain 


| dsin x 
Cix)=-x, C(x = | cot x dx = —-- = In [sin x]. 
1(x) a(x) ——— = In |sin x| 
Hence, 
y =—x cos x+sin x In |sin x|, 


and the general solution of the nonhomogeneous equation will be written as 
y = C, cos x+Cy, sin x—x cos x +sin x In [sin x]. 


We find now the constants C, and C, from the initial conditions: 
ya/2)=C,= 1, y(a/2)=—-Cy4+a/2=0, Cy = 2/2. 
Thus, the solution of Cauchy’s problem will be: 


n : : . 
y= az cos x +sin x —x cos x +sin x In |sin x|. 


(b) y = C, cos 2x +C, sin 2x — x cos 2x - 5 sin 2x +sin 2x In |cos x]. 


tan (24-2) 
2 4 
—x cos x+sin x In |cos x|. 


(d) y = (C,+Cyx)e77 +(—x +x In |x|)e“* = (a+ bx)e-* +xe-7 In |x|]. 


(c) y = C,4+C, cos x +Cgsin x +1n 


2 8 8 
— Cp Sri Se ge ee 
474. (a) y =Cye® + Cre +a xt xa» 
_ Ce 5. X* 2 2 
z=-C ,e7* + 4 é 3 = ry x 7 . 
Hint. Differentiating the first equation, we obtain 
Yr2y4+4z = 4. (1) 
From the first equation we find the function z = x -4 i y. The derivative 


z is found from the second equation 


Z= 7-ytx? = xtx2-J 9-5 y. 


Substituting this value of z into (1), we obtain a linear non-homogeneous differ- 
ential-.equation of the second order with constant coefficients with respect to 
the function y(x): 


Jty—6y = 41 —-—x—x?). 
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(b) The given system can be solved in the same manner as system (a). But we 
may also apply the theory set forth in Sec. 1.22 of [3]. Let us reduce the system to 
the form 


This is a homogeneous system, therefore it is reduced to one and the same equa- 
tion wilh respect to either y or z. We then write the determinant of the system: 


_|O+4 -1]_,, _d 
D(a) =|" onal= Mt (2- +). 
The required equation with respect to the function y has the form: D(<) y=0 


d? ; ; : 
or a+ y = 0. The general solution of this equation 
y = C, cosx+C, sin x. 
The function z is found from the first equation: 


_W 
ax 


Since the function z satisfies the same differential equation as the function y, 
we could write at once that 


Zz = —C, sinx+C;, cos x. 


z= acosx+bsinx 


and then would choose the numbers a and b so that the functions y and z satisfy 
our system (i.e. we substitute the functions y and z into the system and express 
the constants a and b in terms of C, and-C., or vice versa). 


eon ae 
() DA=|-1 A -1) = (-2 (4D? 
fe aes Ge 


The differential equation with respect, say, to the function x(t) has the form 


(£3) (fri)'x0-0 


and its characteristic equation will be: 
(kK-2)(k+1)7?=0, ky =k, =-1, kz =2. 
The general solution of the differential equation: 
x(t) = (C, + Cte! + Ce”. 
The functions y(t) and z(t) are expressed in a similar way: 
y(t) = (a+bt)e'+de, z(t) = («+ Bt)e+ ye. 


Substituting these functions into the system, we find that b = B = C, = 0, 
d= y= C3, a+a« =—C,, where a may be regarded as arbitrary, then « = 
= —C,—a. Thus, 


x(t) = Cye™'+Cyze", p(t) = ae 4+ Cae, 
z(t) = —(C,+a)e™'+ Ce”; 


a 
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(d) The given system is nonhomogencous, therefore either of the functions y 
and z will have its own equation: 


d 
D(5-)» = ®,(x), 
where 


@(x) = Mls A001 Mal E ~) £109 = Mu(£-) - 1+ Ma(*-)xa 


, d\., ; 
Mul 7} is the cofactor of the element 5,; of the determinant 
dx 


re | : _d 
D(A) = | | . = AP). (2 = «)s 
i.e. 
M,,(A) a A, M2(A) = 1, M;,.(A) =-1, M.,(A) =A. 
Thus, 


PX) = eIl4+1l-x =x. 


Finally, we obtain the following differential equation with respect to the func- 
tion y(x): ¥+y = x (the function z satisfies the equation 7+2z = 0). Solving 
these equations, we get 


y=C,cosx+C,sinx+x, z= C,cosx—C, sin x. 
475. (a) Solution. Method 1. Let us write the characteristic equation 
2-A 1 


i OP _ 
ae = A2—6A+5 = 0. 


Its roots are: A, = 1, A, = 5. Let us find the eigenvectors a! = (i a§)) and 
a = (a®), a2), corresponding to the eigenvalues A, = 1 and A, 


(2~1)aQP +ogP = 0, af +o§? +0, af? = —af?, 


where a is an arbitrary number. To make the notation simpler, let us set 
a = —1, thena{? = 1. And so a! = (1, —1). Analogously, form the equation 


(2— 5)a§ 4-00 = 0 
we find a? = (1, 3). The solutions of the system will be written in the following 
oe Y'(t) = {e', —e'}, Y(t) = {e*, 3e°'}. 
The general solution: 
Y(t) = CV") + C.Y¥*(t) = {Cye'+Cre™, —Cye'+3C.e*}. 

In the expanded form: 

y(t) = Cyet+Cye™, volt) = —Cye' + 3C ze". 

Method 2. On having found the roots of the characteristic equation A, = 1, 

A. = 5, we can write at once the form of the general solution: 

y(t) = Cye’+Cye*;  —-yo(t) = ae'+ be*. 


Substituting these functions into our system, we find @ and b expressed in terms 
of C, and C,. Here we escape the process of finding the eigenvectors a' and a”. 
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(b) x(t) = Cye™'+Cye*, = vt) = ZC ye! — 2Cye*. 
(c) y = e~(C, cos x +C, sin x), 


z= < e~[(C. oe 2C}) cos xX — (C, + 2C.) sin x}. 


(d) D(A) = —43+1=0; 4, =1, 4.= -5(1 +i4/3)}, y= -i — 4/3) - 
—the roots of the characteristic equation: 


v= Ce! vem(c, Cos (2 ‘) +Cy sin (v3 ‘)), 


2 2 


y= Cyet per( BVI cos (v3 ‘)- SELEY n(¥ ‘), 


z= Cpe toe AVG cos (¥*,) ae aes an (“.)). 


476. The solution of the homogeneous system is already known to us (see 
Problem +P: (b)): 


x = Cye*+Cye™,  y = 2Cye~*—2C pe. 


(a) Regarding C(t), C(t) as hie of rt, let us choose them so that the 
functions 
x= C1(HDe*+C.(ne*, y = 2C (tHe! — 2C.(t)e* 


would be the solutions of the nonhomogeneous system (Lagrange’s method of 
variation of constants ). Differentiating these functions and substituting them 
into the system, we obtain 


Ci@e* + Ce* = 1, 
2+ a=} 


| 2Cy(Ne™'—2Ce* = 1, CH= Ze, CA) =-7 e™. 


Integrating, we get 


CWO = LU 4Ne, Cl) = (54+ 30e-%; 


1 ee: 


t 
= sty Y= OTF" 


The general solution of the nonhomogeneous system has the form: 


1 tft 7 ft 
= — 3f = —t 3t . 
x = C,e7'+Cre totz> y = 2C\e 2C xe +o+3 


(b) Ci@) = ~ (4e%+e"%), C(t) = -+ (¢+e™*); 
X= (—4pDe* y= te (1 + 4t)e*; 
1—4t 
= —t st e! 
= Cye-! + Ce 4 


) y = WCye~'—2C ,e% +- ete (1 +re%, 
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2 
477. y = Dba as +2 tte x?+- 2... Hint. Seck for the solution in 


the form of the series 
y= Ay +QyX +.Aox* + eney 

where, by virtue of the initial conditions, ag = 2, a, = 1. 
.3 


oN 
479, yp -= 24n—-N 5 oie eal 


x” x3 x! 
480. y A a be ‘~S. + 6 “fs 


481. (a) The Lyapunov function can be taken in the form v = x7+4+-)°; 
dv ov dx 0odv dy 
at dx dt’ Oy at 

The stationary point is stable. 


(b) The Lyapunov function in the form of a quadratic positive definite form 
does not suit this problem. Let us find it in the form 


vy = xt+y8 
with even « and #. We find the total derivative of v (along the solution x, y) 


d : 
77 = axt-H(2y—x5) + By M—x— yh +4). 


—2x4—2y4 <= 0. 


In order that this function be < 0 in the neighbourhood of the origin, it is 
necessary that the terms of the form x*~!y3 and y®—-1x beabsent. Thus, it must. 
be « = 2, B = 4. In this case 
“ = —2x®—4)% + 48 = —2[x*+2y%(1—y?)] =< 0 
in a sufficiently small neighbourhood of the origin. Besides, » = x?+y! = 0 
in the neighbourhood of the origin and v = 0 only for x = y = 0. Therefore, by 
Lyapunov’s theorem, the solution x(t) = y(t) = 0 is stable. 

(c) For the function v = x?+)? 

dv 


Gy = 2x (x8 y)+2y Hy) = Ixt + 2y4 > 0 


outside the origin. Hence, by Cetaev’s theorem, the zero solution is unstable. 
482. (a) A = (“i _1) Q1;4eg—a24 = 1 > 0; the system is elliptic; 
a1, < 0, de. < 0; the stationary point is a stable node. 


(b) A = (is5 ~4); Q11Qo.—a?, = 0, the system is parabolic; 4, = a,,+ 
+e. = 5 > 0; the stationary point is unstable. 
(c) A= (; AF Q1;@e2— Qn = —1 <0, the system is hyperbolic; the 


stationary point is unstable. 

483. (a) The characteristic equation 
3—-A O 

2 1-A 


has two positive roots A, = 1, A. = 3, therefore the stationary point is an un- 
stable node. 


= (3—A)(1-—A) = 0 
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(b) The characteristic equation 

1-A 3 

—-6 —S5S-A 

has the roots A, = —2—3i, A, = —2+3i%. The real part of these roots is nega- 


tive, therefore the zero solution is a stable focus. 
(c) The characteristic equation 


= 47444413 =0 ‘ 


1--A QO | 
= es = ) 
| eee 
has two roots A, = —1, A. = | of opposite signs, hence, the stationary point is 
a saddle. 
(d) The characteristic equation 
—2-A —-5 ; 
| p > ‘| = #+46=0 


has the complex roots A, = —i+/6, A, = 11/6 with the real part p = 0, 
therefore the stationary point is the centre. 
(e) The characteristic equation 
1-A 1 | 
0 1-A y 
has a positive multiple root A, = A, = 1, hence, the stationary point is an un- 
stable node. 


= (1-4)? = 0 


Chapter 7. 
484, — oo < x <0; F(x) is continuous and differentiable 
F’(x) = ~ (sin 27x —sin 7x). 
b 


1 
485. Sat + B9) | 2a! 
respect to the parameter a. 


b ; ; ; : 
arc tan ae Hint. Differentiate the equality with 


486. (a) F’(x) = 2x exp (—x*)—exp (—x)-[ y® exp (—xy’) dy; 


()) FP@) = = Ind $x; © FQ) =—fls, -2)42 [KU ody, 
0 


where u = y+x, v = y—x. Hint. First make the substitution z = y—x in the 
integral. 
487. (a) —1/10; (b) 1/2. 488. In (25/24). 489. 50.4. 490. 12/5. 


0 a/4z+4 8 2-z 
491. I= { dx | f(x,y) dy + | dx { f(x, y)dy (Fig. 90). 
an LAs pas 0 aera 
1 ay 6 3 


* 492. r= [ow | fe, y) dx +{ dy | re, y)dx (Fig. 91). 


0 y/2 1 y/2 
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re ee ae ee ne ee ee ee ee ee et ae mete ee 


1 2 2 2 
493, J = [ a | se. y) dx+ | dy | I(x, y)dx (Fig. 92). 
1/2 I/y 1 7] 
1 Ve 
494. 1 = | dy ( f(x, y)dx (Fig. 93). 
o vs 
1 e 22 /3 0 1/323 


495. 1= Ae | f(x, ») dy + | ds { fix, ydy (Fig. 94). 
0 0 1 


0 
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1 2-y 1 Vy 
7 1 
496. I [& | (xty¥)de= 2. 49701 fof xydx= 7. 
0 v 0 y 


498. 5 abe (at+tb+c). 499. 1/48. 500. 16. 


avV2 Veet at 4/308 a? 9? 
501. (a) | cP | dy { Sx, y, 2) dz; 


-oVi tata tH 
2a 


pRVa (A/G V/RIaa 
(b) i dx [ ay { Sf, y, 2) dz. 


502. + ta’. 


503. J = 4 nabe. Hint. Since the integrand is even with respect to all the 


variables, the given integral is equal to eight integrals over the part of ellipsoid 
found in the first octant. We make the substitution: 


xX = arcos tos T, 


y = brcostsint, (o<r<1, O<r=<s, O<r <5). 


z=crsint 
The Jacobian of this transformation 
D(x, Y, 2) 
D(r, t, Tv) 
1 n/2 n/2 


therefore 7 = 8abc i r! dr | dt | cos tf dt. 
0 0 0 


= abcr* cost, 


504. 1a°/6. 


505. 22ab/3. Hint. Take into consideration the evenncss of the integrand and 
introduce the generalized polar coordinates 


x=arcost, y=brsnte (O<rx<il, O<r<n/2). 


.. D(x, y) 
The Jacobian Det) * abr. 
506. 2R°‘. 

_ 507. 8a*/9. Hint. The domain of integration is half of the cylinder of altitude 
a whose base is a semicircle (x — 1)*-++ y? <1 (y > 0). The equation of the semi- 
circle (x—1)*+y? = 1 (y > 0) in polar coordinates has the form 9 = 2cos@ 
(0 = 9 < 2/2) (Fig. 95). Therefore 


n/2 2 cos @ a 


r= { dp | o*do | z dz. 
0 0 0 
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508. 47R°/15. Hint. Pass to polar coordinates. 


509. evis (Fig. 96). 510. Vay (Fig. 97). 


3 
511. V = = (Fig. 98). 


512. V= = na*, Hint. To compute the corresponding integral, it is suitable 


to introduce polar coordinates (Fig. 99). The equation of the semicircle 
(x —a)?+y? = a (y => 0) in polar coordinates will be: 
e@=2acosp (0<9 <72/2). 
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513. |S| = || viFeorG ax dy 
D 


7 c \2 c \2 1 Be, 
= (| a/1+(£) +(4) dx dy = —V/ ab? +. atc? + b*c?, 
a b 2 
D 


where D is a triangle 


514. |S| = 8a’ arc sin (b/a). Hint. By virtue of symmetry, the sought-for 
area is equal to the sum of eight areas cut on the spherical surface and found in 
the first octant. 

_ ive 


|S| = 8a “|| yeas eey = ba | das | oer) ee 
/ a —x?— y? J P VJ/ a —x?—y? 


= 8a f arc sin Z dx = 8a’ arc sin (b/a) 
a 
0 


where D is part of an ellipse 


515. Let (x,, y,) be the centre of gravity. By virtue of symmetry, it is clear 
that x, = 0. The area D of half of the ellipse equal to zab/2 is numerically equal 
to the mass of the figure, therefore 

7) a 
: = / a? — x2 


2 2 Ab 
y= [| vdxdy=—, | dx { ydy=z. 
D —@a 0 


4 : 
516. (a) gabe. Hint. Take advantage of the second Guldin’s 


theorem and Problem 515.  (b) + nabe. Hint. ‘ | : dx dy dz = 
/ bids 


aa ae 7 
= 2 | | / 1 =. dx dy, where S is an ellipse = sad a <1; then sce 


Problem 505. 
517. x, = y, = 0, 2, = Sa. Hint. Sce Problem 506. Introducing the 
spherical coordinates 
x = rcos py COs 9, 
y=rcosysing, (o<r<a, O<p< 5 , Ox p <2z), 


z=rsiny 
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— Ce 


we obtain 
2x n/2 a n/2 
Zz -={ { [ P1cos w sin y dy dp dr = Sa { sin y dsin yp 
° at! 5 ; 
0 0 0 0 
518. x, = 0, y, = 8/5. Hint. The area of the figure | S| = 32/3; 
4—x% 


2 
3 3 
ye aq | [ vax dy =z, [ax | y dy. 
D 2 0 
512 


519. 75 ™ Hint. See Problem 518 and the second Guldin’s theorem. 


521. (a) 7/4; (b) <0; (c) 1/4. 
522. F(y) = In(i+-y). Hint. Integral F(y) converges for any y > —1. 


F’(y) = [ e~*WtD dy = 


0 


yt] 


converges uniformly for any y = yo > —1, therefore differentiation with respect 
to the parameter y under the integral sign is legitimate in the indicated interval. 
Taking into account that F(O) = 0, we obtain F(y) = In (+1). 

523. F(y) = Vay (vy > 0). Hint. As we know, 


oo 


i exp (—1?) dt = 5 Vm 


co co 


1 1 I 
F’(y) = | exp (— yx’) dx = —= | exp(-f)dt = — |/ —. 
| Al 2 y; 
0 0 


The last integral is uniformly convergent for y = yo > 0. 
1 


524. Integrating i x¥ dx = i with respect to the parameter y between 
0 


6 and a, we obtain 


a 1 1 a 1 
o x¥ 
| i x¥ a dy == | I x | dx = | ine 
p bo o Lp o 


1 
% x — 18 
dx [BF a, 
Bp In x 
0 


dy a a1 | 
—._ = | = In --—-. 
Jom no+D), " B+ 
Hence, 
1 
- x& — xB a+] 
= dx =Il1n B+1° 
0 


Note that in the domain 0 < x < 1, -1 < B < y < @ the original integral con- 
verges uniformly. 
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525. Converges. Hint. Consider the circle with the e-neighbourhood of the 
origin U,(0) removed and pass to polar coordniates: 


22% (1 1 
{f In~\/x?+y? dx dy = | [rin rdrdy = 2z | rinrdr 
S\ 7,(0) 0 «¢ E 
Ee? 1 & 4 
= 2n(-5 Ine~ 7 +5) —+-F, e— 0. 
526. (a) Converges uniformly by virtue of Weierstrass’ test 
[cos xy| =< 1 ee de <{ dx eee eel 
Caen tox? 1S) 142 eee 
0 0 


(b) Converges nonuniformly. The substitution x +/y = u shows that 


co 


| /y exp (— yx?) dx = | exp (—u’) du, 
0 


0 


i.e. it is independent of the parameter y. For y = 0 the integral is equal to zero. 
Hence, the integral F(y) is a discontinuous function for 0 < y <oo. Conse- 


quently, the integral converges nonuniformly. It will be uniformly convergent 
if 0 < yp <= Y <0, 


Chapter 8. 


527. 1/5In 2; the equation of AB: y = : (x—4). 529. 24. 
ab(a* + ab +-b*) 
3(a+b) 


ih /a—x? (0<x <a). Taking x for the parameter, we obtain 


530. . Hint. The equation of the arc of an ellipse: 


-? | x Val FG ait de, 
; 
0 


t 


531. | vas- 2| v3 a/i+4 dx = 7 Qvi-0). 
r 0 


532. Pass to polar coordinates: x = 9cosg, y = @ sin y. The equation of the 
circle x?+y*? = 2ax or (x—a)?+y? = @ in polar coordinates has the form 
o’= 2a cos 9 (—2/2 <= y < 21/2). The differential of an arc of this circle will be 


ds = \/f'(p) +f(py dp = V 4a" sin® p + 4a? cos? ¢ dg = 2a do. 
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Therefore 
x/2 
| (x-y) ds = { (2a cos? p—2a cos @ sin Py) 2a dp 

r —n/2 

n/2 

= 4a | cos? gp dq = 2a*n. 
—n/2 
Sai aan Ve et) 
2Va—b? a 


535. 2n*b+/a* +b. 


536. x, = ; a y= at a. Hint. The length of the arc of the half-arch 
of a cycloid 


IT = i / x yO? dt = 4a; 
0 


_if Sake Ts ee 
x= 7 | xvx@ +7 @rdt = =a, 
0 


aiaies TERETE es 
Y= yVx'(t)? +’)? dt = 3% 
537. 2na?1/a? +b. Hint. 


12) yao = | (x24) /x Oy O47! dt. 
y i 


539. 2. Hint. Take advantage of the property: = [+ | r= Pi4L%. 


r r.. a 

540. (a) 512/15; (b) 64/3; ()0. S41.(a)1; (b)1; © 1. 

542. gradu = {2x+y, 4y+x, 6z—6}. 543. (a) 2 = xy; (bd) x= y =z. 

544. curl a = {0,0, 0}. 545. curl a = {1, 1, O}. 

546. (a) Has, since curl a = o and R® is a simply connected domain; 
(b) has, curl a = 0; (c) does not have, curl a = {0, 1—y, z} ¥ oin R’. 

548. (a) and (b) are exact differential equations; (c) is not an exact differential 


, re) Ox 
equation (curt {2—y, x} #0 or a (2—y) # =): 
549. x?+x3y—y® = C. 550. 3x*y—y? = C. 551. xe~-*—-y*® = C. 


552. x+342 = C. Hint. The potential function U(x, y) for the vector 


_ ‘[3x?+4+ y? 2x3 + Sy 
ieee 


should be found as the integral of the second kind 
of the vector a. Any curve not intersecting the x-axis may be taken for the 
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integration path. For instance, we may take 
the polygonal line connecting the points (1, 1), 
(x, 1), (x, y) (x > 0, y > 0) (See Fig. 100). If 
the point (x, y) lies in the lower half-plane, 
then for the initial point we take any point lying 
below the x-axis, for instance, the point (0, 
—1). 

553. curl {yz, xz, xy} = 0; U(x, y, z) = xyz. 
The general solution: xyz = C. Any of the 
; variables can be regarded as a function of the 
Fig. 100. two other independent variables. 

554. xyt+xz+yz=C. 


555. p(x? 42") = C. 556. ty (x* + y?) dx dy. 
$2 
557. | i e(y—x)dx dy. 558.0. 559. —1/3. 
Q 


560. 2R‘/2. Hint. Apply Green’s formula and pass to polar coordinates. 


561. mQ = > [ey dx +x dy) 
r 


2n 
1 gia : 3 
= mal (a sin’ ¢-3a cos* ¢t sin t +acos? t-3asin’ tcos t)dt = 3 70". 
0 


562. curl a = o. This means that in the plane, vector a has a potential 
function. The work done by vector a is a line integral of the second kind which 
is independent of the path of integration; hence, the work done is also indepen- 
dent of the shape of the path of displacement: 


i= [ @as) - | @y dx +x? dy), 
rT Ir 


where J’ is an arbitrary curve connecting the points (1, 1) and (2, 5). Computing 
the integral along a concrete curve, we just obtain the numerical value of the 
work done. Here it is better to find the potential function by solving the exact 
differential equation: 2xydx+x*dy =0 which is an equation with the 
variables separable. Solving, we obtain U(x, y) = x?y. Now the work A = 
= U(2,5)—U(1, 1) = 20-1 = 19. 


8 
3 


564. — 7a’. 


565. m = | f/xt+y? dS =: | | A/ x? + y? 4/1 +224 22 dx dy, where Q is the 
8 Q 


part ofa circle x?+y? = a’, found in the first quadrant: z = +/a?—x?—y?, 


m= = nd 


1 566. wlas/1+a?+In(a++/1+a?)]. Hint. The element of the area of the 
helicoid: dS = |r,|-|r,| du dv = /1+1? du dv. 
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568. 2a‘/2. Hint. Reduce each term to a double integral along the correspond- 
ing projection on the coordinate planes. 

569. 0. Hint. Carry out the computation for each of the four faces separately. 
For instance, on the lower face Sf (an oriented triangle) the outward normal 
n(A) = —k, z = 0. Therefore 


| (vz dy dz4+xz dx dz | xy dx dy) = { vw dy dy = — | vy dv dy = -£ ; 
yt 


oy A* A, 


where 


Analogously, we proceed for the other faces lying in the coordinate planes. 
For the face Sf lying in the plane x + y+ z = a the cosine of the angle made by 
the outward normal with the z-axis is determined by the equality 


cos (n, z) = 1/4/1+22 +22, 
therefore 


| (yz dy dz-+-xz dx dz+xy dx dy) 


st 
= [fozavazt[fxzdede+[f yadrdy= fa 
As Ae A 
Finally, 
cn ee, eee eee ee 
8 «8 
s* s* sé st st 


570. diva = 3(x74+y?+2°). 571. diva = 2 f@ +f’(r). 
572. div (grad u) = 6. 
573. (a) curla = 0; 

i j k 

re) ro) 0 _ ST) 
ox oy ns = ; ~CXYP. 


firey Fc. SWMes 
574. (a) 0. Vector a = {yz, zx, xy}, therefore div a = 0. 


(b) curl (/(7)-c) = 


(b) 2f{{ (x+y+2) dx dy dz; here a = {x?, y’, 27}. 
@ 


(c) 2 (If a oe ; here a= \* =, i. r=/x?+y? +z, 
r 
Gd 


Vetere ae 
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— es te 


(d) | | | Au dx dy dz; here a = grad u; div (grad u) = Au, where Au = 
@ 


_ Cu Ou, Ou 

= Bxt Opt Oe’ 
; l—z r-y 
575. 1/2; diva — 3; He vdeo fa | dy dz. 


576. 0 (see Problem 567). 577. 0. 
579. —4n. Hint. a = {y—z,z—x,x—y}, n= {1/s/2, 0, 1/2}, 


[o-a dx +(z—x) dy+(x—y) dz) = | “ee dS, 


S 


where S is an ellipse lying in the plane x +z = 1. As is seen from Fig. 33, its 
semimajor axis is equal to 1/2, and the semiminor axis to 1. The area of this 
ellipse is 2/2. Prior to performing necessary computations, write the equation 
of the ellipse in the parametric form taking z (0 < z < 2) for the parameter: 


x = 1-2, y =+V/2z—2*. We then divide the integral over I‘ into two parts: 
for y > Oand y < 0. Note that in the first case z varies from 0 to 2 and in the 
second from 2 to 0. 

580. 0. 


Chapter 9. 
583. Vx, ifa > 1; 0 < x < 2n, if 0 <a <1. Hint. For 0 < « <1 apply 


Dirichlet’s test (a, = k~*, B(x) =.cos kx). 
584. As many as desired. 585. —co< x <0. 


586. (a) 2 ae pyr SM (b) y sin sin nx 


ne] n=) 


cw 4 & cos(2k+1)x 
OF a ky Cet 


2. 
mw 2 & cos(2kK+1)x 
© 7-32, a th," 


© -Ft5 2 ae tore 


(f) If a is an integer, then sin ax; if a is not an integer, then 


om kx 


sin Liste 


2sinaxn & ad 
cree ae ae er 
n=l n 


2. 1 = » 2 COS NX 
(g) = sinh ax Be a (—1) Pain 
a 


588. (a) 2 5 (—yst ME -_ 4 SF cos kt I)x 


lah nn? 2 «2g (2k+1)? 
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Fig. 101. Fig. 102. 


Hint. When expanding the function into a series in terms of sines, we extend the 
function f(x) to (—2, 0) in an odd way, and then periodically over the entire 
number axis (Fig. 101). Further, see Problem 586, (a). When expanding into a 
series in terms of cosines we extend the function f(x) onto (—2, 0) in an even 
manner (Fig. 102). Then see Problem 586, (c). Note that in this case the extend- 
ed periodical function is continuous on the entire axis. The Fourier series 
converges uniformly throughout the axis. 


(b) ee (Fig. 103); >» eS (Fig. 104). 


Fig. 104. 


589, — =y (2n-+1)~? cos (Ae nx). 
590. . mz; (b) 2/4. 
591. (a) SI = 1/5; (b) WS = W272; © INS Il = V@=-N?2: 


(d) ISI) = 1/3. 


592. 0 <a < 1/2. 
$93. For any a >0O the sequence converges to zero nonuniformly 


( max f(x) = 1) For \/x > 0 converges to zero in the mean. 


O=x=z=1 
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595. Ky =a/2 j f(t) cos ts dt = a/2 ] cos ts dt = a/2 2 ne 


1, O<x <a, 
596. f(x) = P Hint. Take advantage of the repeated 
, x>a, 
Fourier integral 
SQ) = 2 | COS XS ds { S(t) cos ts dt, 
0 0 


valid for the function f(x) which is piecewise continuous and absolutely inte- 
grable on (0, oo) (see Problem 595). 


1 = (1+s)a_sin(s—1) ‘| 
— | ——_— +. —__ 
a/ 271 27 l+s s—1 


598. QO(s, r) = 4/2 f. ~ on SI FX dx = / 2 arc tan — . Hint. 


Differentiating with respect to the parameter r, we obtain ((3], Sec. 4.14, (4)): 


597. F(s) = 


ow 


02 _ 2 | emeosredr= 4/2 oo. 
or 1 am sttr? 
0 


Hence, 
2 r 
QO= a/2 arc tan Pee QO(s,0)=0, C=0. 
599. (a) Fat ee ¢ ee e—*%*) (see Problem 598 and [3], Sec. 4.14, (6)); (b) 63/697; 
(c) 51/290. 


Chapter 10. 
z 1/2 


600. A = | ae, 9-101 a <7U-o-+0 for g—~1-0. 


—2 
Hint. The Fourier series of the function (6) has the form (see Problem 
586, (c)): 


cos (2k +1) 0 
10 = 3-5 SOE 


The harmonic function (in the unit circle) generated by the function /(@) can be 
written in the form ({3], Sec. 5.3): 
a 
t. 42 cos (2k +-1) 4 
DY ee es 2k tl 
Qo 5 Ze Qk)? 
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Hence, on the basis of Parseval’s equality, we obtain 
ow 1 1/2 
yo an bk PANE. = Po 
(4 0-8" array) 
4 . J 21 ad : ‘a 
= ( 2s —) ( =}; O+ eee -{- Q ) acca) 


oo 1 1/2 m2\ 12 n 
<= (1-o) (4 —-—--} = (l-e) (4---} = = -e 
( a | yeaa) ( | ) a g) 


0 


(see Problem 587). 


Remark. The harmonic function u(9, 0), 
tends to f(@) along each radius (Fig. 105) 
as o> 1—0, also in the ordinary sense, but 
the rate of convergence will be somewhat 
worse than (1 — 9). 

Indeed, for a fixed 0(1/2 < o < 1) let us 
choose a natural number N so that 1/(N+ 
+1)< 1—o@ <1/N, then (see Problem 376) 


| u(o, 0)—f(6)| 
4 2 |cos (2k +1) 6] 


a ey Ne Sen a 
<= 2-0") “ora 
W. 1—p%+1 oo 1 
<=C , re (Wk +12 
» Geant to py Ck+IP Fig. 105. 


= | c c 
<= c(1—9) » aK WH < c(1—o) In N+] 
<= c(1— 9) In iy tel-e) <= c(1—o) In te 0, oe-1-0, 


where the constants c are, generally speaking, distinct in different inequalities. 
601. Let us expand the function f(x) into a series in terms of sines (see Prob- 
lem 588, (b)) 
sin 2nx 


f(x) = 3 an 


The solution of the problem under consideration has the form (see [3], Sec. 4.7, 


(11): 


u(x, t) = y a exp (—4n’t) sin 2nx. 
1 


Using Parseval’s equality, we have 
co 7 a ae 1/2 
A= [> 4,2 (l—exp (—4n »)| : 


Let us fix ¢ (0 < t < 1) and choose a natural number N such that 1/(N 4-1)? =< 
=< 4,< 1/N?. Then 
A= (s Be (1 -exp (—4n1))? + y" “u) 
NS An? P 2 4n* 


9 


1/2 
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Applying Lagrange’s theorem and using the estimatcs from Problem 376, we 
obtain 


Ax (a (4n?t exp (—4n%é))? + 


1/2 
wei) 


252 1 eis 1 sls 1/4 
<¢(¥: frt+ yy) < (PN?) =<ct4+0, 1-0. 
602. 
_ cos (2n +-1) f sin (2n+1)1 
u(x, tI) = _ Gr |" Qn ete 4- -- (ni) | sin (2n 4-1) + 


(see [3], Sec. 5.5, (8), (11)). 
603. Using D’Alembert’s formula, we have 


1 1 1 1 
u(x, t) = > Fexcen descend ta [arc tan (x +1f)—arc tan (x—1)]. 


= id yf@t)dt _ y 
8. ud | apps | 
— 00 —l 
l-—z 
are ce = a [arc tan oe +are tan <2). 
7% +y on y y 
—l-z 


If u = 1/2, then arc tan ((/—x)/y) +are tan ((/+x)/y) = 1/2, i.€. (2 —x2)/y? = 
= 1—a semicircle (y > 0) of radius / with centre at the origin. 


606. u(x, t) = 


: exp ( ot ) 
a/1+4t 1+4¢ 
Chapter 11. 


608. (a)|z| = 5; (Bb IzZl=1; ©lz| = 4. 
609. (a) z = 2[cos (— 22/3) +isin (—27/3)]; (b) 2 (cos (37/4) +i sin (377/4)). 


610. (a) 2c; (b) 1-e'7?; (Cc) 2e-2748; (d) 1 -exp («- +) i 
612. (a) 1728; (b) 1. 
613. (a) */2exp (= i (k = 0,1, 2,3); (b) £1, +i. 


614. W = x-iy’, —_ 2. ss > 


616. (a) A circle of radius r centred at the point 2); (b) ellipse x +5 1, 


b? = a®—c?, Hint. |z—c| is the distance from the point (c, 0) is z= (x, y). 
By definition, ellipse is the locus of a point which moves in a plane so that the 
‘sum of its distances from two fixed points in that plane is constant. 


(c) Re (— —)= 3 eee = = , Im (=) = “ype i i These are 


| 
2 
ellipses: (v—1)? +-4y? = 1, 5 +(v 4-1)? = 1; 
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(d) xy = 1—a hyperbola; (e) »v = x*—a parabola. 
617. (a) —1; (6b) —(+12i)/13. 
619. (a) Acircle: |w| = 2 or u?+v* = 4, For z= oe? w= | o-w, and 


consequently, the circle |w| = 2 is traced clockwise if z traverses the circle 
|z| = 1/2 anticlockwise. 

(b) The ray coming along the bisector of the fourth quadrant from oo into 0. 

(c) The axis Ov except the point O = (0, 0). If the point z moves along the 
y-axis from — oo to -|-co, then the point w moves first from 0 to + co, and then 
from — co to 0. 

620. lim Z = —i. 

2—>7 2 _y? 

x*+y¥? 


621. Does not exist, since Rew = has no limit as x > 0, y> 0. 


622. Yes. 

623. (a) w’ = 22; (b) the derivative does not exist at the points belonging to 
the z-plane; (c) has no deriyative; (d) has the derivative equal to zero only at the 
point 0. 


624. f(z)=cosz, I\If(z)|,-0=|cosO|=1, larg f’(z)|,~0= 
= |argcos 0| = 0. 


625. (a) z ~ 0; w’ = 32’; (b) at the points z which are not zeros of the func- 
tion sin Z, i.e. z ~ (kx, 0)(K = 0, +1, £2,...)3 ©) z #-1. 

626. All the given functions are analytic except (b). 

627. (a) f(z) = 274+2z+Ci, where ImC=0; (b); f(z) = 24(2—i)/2+ 
+Ci, where ImC=0; (c) f(z) = u+iv = (C—zlnz)i, where v= 
=rpsing—rinrcosg+C, ImC=0 and Inz= Inr-+ipg. 


629. u = C arc tan 2 Ce. 


630, “2, MeO _ 2 fa , 287 
W—We W3—-We Z—Ze 23— Ze 
are arbitrary triples of real numbers coming in an increasing order. 
632. w= z4. 633. (a) w= e*; (b) w=e”¥. 635. w= (14+/) (1-2). 
2z—5 
636. w 0x2’ 
637. The integrand can be written in the form: 


14i-27 = (1—2x)+i(01+2y). (a) 2@-1); (6) ~244 3; (c) —2. 


3 

638. 2. 

639. 1+cosha—x(1+1)sinhz. Hint. Since the function w = zcoshz is 
analytic throughout the plane, we may integrate along path connecting the 
points 0 and 2(1+i). Take advantage of the formulas: cosh iz = cos z, 
sinh iz = i sin z. 

640. (a) 7 +197; (b) —i/e. 641. (a) J = 0, since the integrand is analytic in the 


, where 2), Zo, Z; and wy, We, Ws 


circle |z—2| <1; (b) 1=— Fi; (I= 5 

642. (a) 2ni;_ (b) 2ni(—e7}). Hint. { een i Lie +f ..., Where C, 
o Cc C; CO; 
and C, are the contours described about the singular points z = —1 and 


z = 0; C, and C, lie entirely inside the contour C and do not intersect each 
other. 
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644. ee 645. ~. 646. 0. 647. ~. 648. 0. 649. 1. 650. 1. 
651. 1. 
652. 9 (—1)" (n+1) 2 (|2| < 1). Hint. Differentiate the expansion 
oO 


2= VN (-ee (el <d. 


0 


i 
I 


> [((- 1)" tY_Q-n-V gm lz] <1). Mint. First expand the func- 
tion in "3m fractions. 
655. -+ +35 2 (9=3)= oe 324 J. (12-31 iw 5). 


656. (a) 7 > 2; (b) ai > 1/4. 


657. (a) x (5) thee ya- —2-"-1) zn. 
(b) -Ye-> 53 © enue’ 
7, ee ee Oe Z-Dt Ae 1?- 


4(z—1)? A(z—1)* 16 8 


oa y (=D nae (e- (0 < |z—1| < 2). 


Hint. It is possible to take advantage of the formula for the coefficients of the 
Laurent series 


1 dz 
= agi | IO Gai 


where » is an arbitrary circle centred at the point z) = 1 and lying 1 in the annu- 
lus 0 < |z—1| < 2. The function f(z) = 1/(z?—1)? is analytic in this annulus. 
It is also possible to use the method of expanding /(z) in partial fractions: 


1 ij1 1 
[Oey a area) 
sll 1 1, 1 
= 4@—1 4@—1) * 4@41) | 4@41)' 


in powers of (z—1), use 


R : 1 1 
When expanding the functions Penh d ae 


the technique applied in Problem 654. 


3 5 
659. 4S +3 Fi Aine M210). 


31°51 7! 
1 1 
» 660. 23+ HP ta tai +... ({z| > 90). 


661. (a) Removable singularity; (b) pole of the fourth order; (c) essential 
singularity. 
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662, (a) z = O—a removable singularity, z = oo—an essential singularity; 
(b) z = O—an essential singularity, z = oo—a removable singularity; (c) z = 0 
—an essential singularity, z = oo—a removable singularity; (d) z, = (x + 5) mi 


—simple poles (1 = 0, +1, +2, ...). Hint. The numbers z, are zeros of the 
function w = cosh z. In the neighbourhood of z,, the function tanh z can be 
represented in the form 
cosh (z— z,) 
sinh (z—z,) © 
(z—z,) a as 


tanh z = 


Zz =oo is an essential singularity, since the limit of tanh z, as z 0, does not 
sinhiy  fsiny _ 
coshiy cosy _ 


exist: for z = x tanh x > 1, x +00; for z = fy tanhz = 


= itan y and for y + oo the limit does not exist. 
665. (a) Res f(z) = 0, Res /(z) = 0. 


3=0 gm oo 
(b) Res f(@) = a Res f(2) = _—- 
17 e 17 e 
©) Res f@=-s, Rsf@=, Res fQ=io-o. 


(d) Res f(z) = 1/2, Res f(z) =—1/2. Here we take advantage of the 
z=aZ 2=00 
basic theorem on residues. Expansion of the function (z—2) exp (1/(z—2)) in 
powers of z is a rather cumbersome problem. 
667. (a) — ni; (b) xi; (©) —ai/-/2; (d) ai. 


669. (a) 2/1/2; (b) x/ab (a+b); (c) 2n/3; 
1-3-5... (2n-1) __-a(2n)! 

) T4620 7 Pane 

670. (a) te~°9/2; (b) 0. Aint. Consider the function 


2 
f(z) = Caay De et, 
MA 


61. T= = 


(1-e~*). 
Chapter 12. 


l 
673. (a) —---; 
(a) = 


3 ; ae : 
x3 (b) 49" 674. No, since 9(p) is a periodic function. 


1 2 3 1 
675. (a) —+—; (b) 2-——~+—~. 
2 (a) Paar (b) a0 542 


676. No, since the growth of the function exp (t?) is higher than that of any 
exponential function exp (Sot) (for any constant 55) aS t + o°, 
P(p? +m? +n’) 


OT OR mnt Amn 
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_ Pris _ _ p*+16p?+24 _ 
678. (a) F(p) = p(p? +36) 3 (b) F(p) = Pp? +4) (p? +16)" Hint. f(t) = 


=cos*r, §(0)=1, F(p) 5 S(t); 


S'@® =—4cos* t sin t = —2 cos? ¢ sin 2t 


= —(1+cos 2f) sin 2¢ = —sin 2-5 sin 4; 


a ae 
A alae Ber uiial? 


2p? — 6p p\"_ : 
679. (a) “7 (424) = £2 cos t); (b) ——_~ 


* cs 
Taal zy _ (see Problem 679). 


(p?— cat 
Pp. VER +4 | pti 
681. (a) In p-1 : (b) > In Pp 3 (c )) —— 7 at ae i 


1 
M fame Bt oy ee 
682. (a) sint & = 7) @ sine S (p—3)*41° 


2(p—1)?-—6(p—1) A p—1)(p—4) 
(b) “To-D't1P ~ G=2p42* (Problem 679). 
683. (a) For the function f(t) = sin t-o,(t) we have f(t) = za , therefore 


680. (a) —~——;;;_ (b) 


. | ; 1 e~% 
by the shift t \ t—b —b) = e ? ——_ ; ; 
y the shi oe sin ( 7 re e al (b) pal 
—=Ce°F +e 7 ’ 
684. —-_—__——_—~ $ ———___- , int. 
4. (a) rite? (b) Pal toe Hint 
(k+1)n 
L{lsint |; 91 = ¥° J e-?' |sin t| de 
0 
(2k+1)x (2k+2)2 
= ;| i e-?' sin t dt— | eso 
. 2k (2k+1)7 
. en e~Ck + Dem 4 @—2kpm 1. gk + Den 4 g—v2k+ Dr] 
1 on 
pace — phen ~- pkn 
o [> ye $+ » e | 
2 Pp Z 
685. (a ; (b 
@) == a a 4 pal P< p?—1)° 
t t t 
686. SO = 57 Tra ter st 


687. f(t) =-1 +4 e' +5 cos t-+ sint. Hint. Expand the rational 


function F(p) in partial fractions and make use of the table of transforms, 
1 : 
688. (a) f(t) = > (e~'—e—*);  (b) f(t) = ¢t—sint. 
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690. (a) e-*sint; (b) 5 +2e-* sin t. 

691. (a) x(t) =(4+1e*; (b) x(t) = (¢-1) sine; 
a 3 2 —$ i —b oy 

(c) x(t) = 5 tee cos 2t+ 5 e sin 2t¢. 


692. (a) x(t) = ¢t arc tan t-> In (1+ 2°). Hint. First consider the problem 
x’ = 1, x(0) = x’(0) = 0. Its solution: x,(¢) = 2/2. By Duhamel’s formula, 


1 
x(t) => i T+t2 (t—T) dt, 
0 
(b) y = (sinx—xcosx)/2; (Cc) y = e*%+4cosx—2 sinx—S. 


694. (a) xt) =e’, yrHN=e! 


3 3 Bn ss 
(b) x(t) = rs a Sa cos t+ sin 2¢, 


3 1 153 
y(t) = a 6 = Ore cos at—— sin 2f—cos f, 
2(t) = cos ¢; 


_ 3 2x I — 22 _3 a See b 
(c) yxX)= Fe +ze e*7, 2x) = ran 13° ze. 


695. (a) ad Hint. 


LUI(x); p] = | ( e~* cos xt as), - a 


0 0 


fx aye flats zal 4 
~— pPt+e saa = a 24 72 a? + t? 


1 
= -— roi arc tan — —— arc tan - = 
Pp a 


Md f 
2 @—p* ap 2a atp' 


a — 
Hence, /(x) = — 5. exp (— ax). 
r Landes cos t 
(b) LU/(x); p] = | f e~ P* sin xt tx) ——— dt 
0 0 
=| a dt = | costdt 7% , 
J pee oe SS pepe 2p’ 
a 0 


According to the table of transforms I(x) = F lx— 1x ¥1.Ifx=1, 


. 1 : 
then /(1) = 5 i =] dt = | sleet du = 
0 0 


ee > 


A: BrP es Pa 
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